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A Simple Real Business Cycle Model 
Last modified on 10/29/2009 9:12 PM 

 
Major Features of the Model 
 
Two sources of uncertainty:  y & z 
Stochastic growth about a deterministic trend 
Simple labor-leisure decision 
Deterministic population growth 
 
We first define the important terms that will be used throughout: 
Endogenous variables that change over time: 
z productivity (temporary or permanent) 
y shock to consumer confidence (temporary) 
K capital stock owned by household 
J capital demanded by firms 
C consumption 
N size of population 
ℓ labor supplied per worker 
L labor demanded by firms 
H fixed number of households 
w wage rate 
r interest rate 
Y output of final goods 
 
Parameters: 
α capital share in output from a Cobb-Douglas production function 
δ rate of depreciation 
β time discount factor; β<1 
g trend in z 
n grow of population 
σ elasticity of substitution, σ>0 
ρ autocorrelation parameter for z; 0<ρ<1 
ψ autocorrelation parameter for y; 0<ψ<1 
 
We next setup the timing of the model, where a prime on a variable indicates its value 
next period. 
1) Beginning of period – y & z known 
2) Factor markets open & clear 
 K is loaned out to production firms and r is determined 
 L is hired out to production firms and w is determined 
3) Production of goods occurs 
4) Factor payments made (wL, rK) 
5) K' is chosen 
 Consumption, C, occurs 
6) Temporary shocks, y' & z' revealed 
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 End of period 
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Nonstationary Model 
 
Given information on prices and shocks, },,,{ zyrw=Ω , the household solves the 
following non-linear program when the factor markets clear.  C is total consumption, 
summing up consumptions by all N individuals in the household.  Consumption per 
member is C/N.  For notational ease define NCc /≡ .  w is wages per worker. 
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The first-order conditions from the maximization problem are: 
One condition for K': 
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The envelope condition from this problem is as follows. 
One condition for K: 

H
N

NCK rcuKV 1)1)(1,()Ω,( +−−= δl  
 
The Euler equations are: 
One condition for K': 

)}'1)('1,'({)1,( rcueEcu C
y

C +−−=− δll    (1.2) 
One condition for ℓ 

wcucu C )1,()1,( lll −=−   (1.3) 
 
Picking functional form of )]1(ln[ln)( l−+= + zgtebccu  
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Rewriting (1.2) and (1.3) using the functional forms above 
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Exogenous Laws of Motion 
 
The law of motion for z is: 

'' zzz ερ += ; where 'zε  is distributed normal with a mean of 0 and a variance of 2
zσ  (1.4) 

 
The law of motion for y is: 

'' yyy εψ += ; where 'yε  is distributed normal with a mean of 0 and a variance of 2
yσ (1.5) 

 
The law of motion for N is: 

00)1()1(' NeNnNnN ntt =+=+= & ; 10 =N   (1.6) 
 
 
Final Goods Producers 
 
Final goods production is: 

αα −+= 1)( LeJY zgt   (1.7) 
 
Each period goods producers solve the following unconstrained maximization problem. 
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The first-order conditions from this problem reduce to: 
YwL )1( α−=    (1.8) 

YrJ α=    (1.9) 
 
Market Clearing 
 
There are three markets: goods, capital and labor.  By Walras Law we need only examine 
two:  capital and labor. 
 

KJ =     (1.10) 
lNL =    (1.11) 

 
 
Eqs (1.1), (1.2’), (1.3’) & (1.4)-(1.11) are the system. 
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We can simplify the system somewhat by substituting (1.11) & (1.12) into (1.8) – (1.10) 
and eliminating variables J & L.  Eliminate c by substituting c=C/N 
 

'' zzz ερ += ; where 'zε  is distributed normal with a mean of 0 and a variance of 2
zσ  (1.4) 

'' yyy εψ += ; where 'yε  is distributed normal with a mean of 0 and a variance of 2
yσ (1.5) 

NnN )1(' +=    (1.6) 
)}'1)(({1 '/'

/ reE NC
NCy +−= δβ   (1.2’) 

wb N
C )1( l−=    (1.3’) 

αα −+= 1)( lNeKY zgt   (1.7) 
YwN )1( α−=l   (1.8) 

YrK α=    (1.9) 
')1( KKrNwC −+−+= δl   (1.1) 

 
Equations (1.2’), (1.3’), (1.4), (1.5) & (1.6) are the dynamic equations.  Equations (1.1) & 
(1.7) – (1.9) are useful definitions of non-state variables which could be substituted into 
the dynamic equations, but which are left as definitions for ease of notation.  The state 
variables are KNyz &,, .  Nyz &, are exogenously generated outside the economic 
model.  K is endogenously determined by consumer behavior.  Note that l  is not a state 
variable since knowing KNyz &,,  implicitly defines l  by (1.3’) and the definitions.  
However, we could still treat it as a state variable if we wanted. 
 
 
Since both N and the level of technology are growing, we have a non-stationary system.  
In order to linearize about a steady state, we need to transform this non-stationary system 
into a stationary one.
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Transformation & Simplifications 
We will eliminate N as a state variable by our transformation. 
 
1) If z is stationary ( 1<ρ ): 
Transform the problem by dividing all growing variables (except w) by tngeA )( +≡ , 
denoting with a carat. w is divided by gte . 

'' zzz ερ += ; where 'zε  is distributed normal with a mean of 0 and a variance of 2
zσ  (2.1) 

'' yyy εψ += ; where 'yε  is distributed normal with a mean of 0 and a variance of 2
yσ (2.2) 
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Cbw ˆˆ)1( =− l    (2.4) 
αα −= 1)(ˆˆ lzeKY   (2.5) 

Yw ˆ)1(ˆ α−=l    (2.6) 
YKr ˆˆ α=    (2.7) 

'ˆ)1(ˆ)1(ˆˆ KngKrwC ++−+−+= δl   (2.8) 
 
 
2) If z is non-stationary ( 1=ρ ): 
Transform the problem by dividing all growing variables (except w) by ztngeA ++≡ )( , 
denoting with a carat. w is divided by zgte + . 

'' zz ε=Δ ; where 'zε  is distributed normal with a mean of 0 and a variance of 2
zσ  (2.1) 

'' yyy εψ += ; where 'yε  is distributed normal with a mean of 0 and a variance of 2
yσ (2.2) 

⎭
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+−
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1 r

Czg
CeE y δβ   (2.3) 

Cbw ˆˆ)1( =− l    (2.4) 
αα −= 1)(ˆˆ lzeKY   (2.5) 

Yw ˆ)1(ˆ α−=l    (2.6) 
YKr ˆˆ α=    (2.7) 

'ˆ)'1(ˆ)1(ˆˆ KzngKrwC Δ+++−+−+= δl   (2.8) 
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Steady State 
System of 8 equations in 7 unknowns, rYwKCyzz ,,,,,,,or  lΔ  
Parameters are bnga ,,,,,, δβα  
Note that we could switch r  and g. 

0=z  or 0=Δz   (3.1) 
0=y     (3.2) 

g
r

+
+−

=
1

)1(1 δβ   (3.3) 

Cbw =− )1( l    (3.4) 
αα −= 1lKY    (3.5) 

Yw )1( α−=l   (3.6) 
YKr α=    (3.7) 

KngrwC )( −−−+= δl   (3.8) 
 
(3.1) – (3.2) eliminates yzz ,or  Δ  
(3.3) imposes restrictions on gnr ,,,, δβ  
Solve for β 

r
g
+−

+
=

δ
β

1
1    (3.5’) 

(3.5) into (3.6) & (3.7) eliminates Y  
ααα −−= lKw )1(   (3.6’) 

ααα −−= 11lKr    (3.7’) 
 
(3.6’) into (3.4) eliminates c : 

c
b

K
=

−− −ααα ll )1)(1(   (3.4’) 

 
(3.4’) and (3.6’) into (3.8) 

KngrK
b

K )()1()1)(1( 1 −−−+−=
−− −

−

δαα αα
αα

l
ll  (3.8’) 

 (3.7’) and (3.8’) are system in K  and l  
 
Solving (3.7’) for l : 

Kr α

α
−

⎟
⎠
⎞

⎜
⎝
⎛=

1
1

l  

Substituting into (3.8’) 
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  (3.9) 

 
Note we could also use the dynamic equations (2.1) – (2.8) to solve for the steady state 
numerically if we were too lazy to derive the closed form solutions, which we often are.
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Dynamics 
 
Exogenous state variables are yzz ,or  Δ  
Endogenous state variables are K̂  
Exogenous shocks are zy εε ,  
All other variables are endogenous non-state variables.  Uhlig calls these “jump”variables 
and sometimes they are only implicitly defined by the system.  In our case l  is such a 
variable.  We could treat it as a state variable, or we can use Uhlig’s programs to solve 
for a linear approximation of how it depends on the exogenous and endogenous state 
variables. 
 
Laws of motion: 

'' zzz ερ +=  or '' zz ε=Δ ; ),0(~' 2
zz N σε  

'' yyy εψ += ; ),0(~' 2
yy N σε  

Euler equations to linearize are: 

⎭
⎬
⎫

⎩
⎨
⎧

+−
+

= )'1(
'ˆ)1(

ˆ
1 r

Cg
CeE y δβ    (4.1a) 

or  

⎭
⎬
⎫

⎩
⎨
⎧

+−
Δ++

= )'1(
'ˆ)'1(

ˆ
1 r

Czg
CeE y δβ   (4.1b) 

Cbw ˆˆ)1( =− l    (4.2) 
The above are defined using the following as definitions: 

αα −= 1)(ˆˆ lzeKY  or αα −= 1ˆˆ lKY  

l

Yw ˆ)1(ˆ α−=   

K
Yr ˆ
ˆα=    

'ˆ)1(ˆ)1(ˆˆ KngKrwC ++−+−+= δl  or 'ˆ)'1(ˆ)1(ˆˆ KzngKrwC Δ+++−+−+= δl  
 
Proceed with the Method of Undetermined Coefficients 
Using notation from Uhlig (1999), rather than Christiano (2002). 
Exogenous state variables: z, y   vector Zt 
Endogenous state variables: K   vector Xt 
Jump variables: l   vector Yt 
note that since K was chosen last period and K′ today, that K is part of Xt-1 and K′ is part 
of Xt 
 
In matrix form: 
Equation (4.2) is: 

tttt DZCYBXAX +++= −10  
Euler Equation (4.1) is: 

}{0 1111 ttttttt MZLZKYJYHXGXFXE ++++++= ++−+  
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Laws of motion are 
11 ++ += ttt NZZ η  

Where [ ]1
~

+≡ tt KX   [ ]ttY l
~=   ⎥

⎦

⎤
⎢
⎣

⎡
≡

t

t
t y

z
Z   ⎥

⎦

⎤
⎢
⎣

⎡
≡

yt

zt
t ε

ε
η  

We can obtain matrices A thru M using analytical or numerical derivatives. 
Once we have them, we can use Uhlig’s MATLAB package to get a linear approximation 
of the transition function in the form of: 

11 ++ += ttt QZPXX   (4.3) 
We can also get a linear approximation of the jump function 

11 ++ += ttt SZRXY   (4.4)
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Parameterization 
 
We need to choose parameters that are reasonable given evidence from micro studies or 
from other sources.  Picking parameters so that the model matches empirical evidence is 
the simulation version of data mining. 
 
α .3 – average observed US capital share 
δ .02 – quarterly rate of depreciation 
g .008341 – average quarterly growth of GDP in post-war USA 
n .00125 – average annual growth of .5% 
β .98 – quarterly time discount factor 
b 1.85 – chosen to give l  equal to 40 hrs per 112 waking hours per week 
 
Implies 
r  .0489 – implies a user cost of capital of 12.1% APR 
 
 
Using equations (3.1) – (3.9) these give: 

8.4223=K  
0.3438=l  
0.6483=C  
1.8275=w  

9758.=Y  
 
Parameterizing the laws of motion 
ρ .9  
ψ .9 
 
The matrices in the transition function are: 

0.9494=P  
[ ]0.0528    .8081-=Q  
-0.2199=R  
[ ]0.2364   5.1923-=S  
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Simulation 
 
To simulate, use a random number generator to produce time-series for T

tzt 1}{ =ε  and 
T
tyt 1}{ =ε  

Use these to generate the vector time-series T
ttZ 1}{ =  

Then use (4.2) to generate the time-series T
ttX 1}{ =  

 
Once we have 1

01 }~{}{ −
== = T

tt
T
tt KX  we can recover the stationary time-series for K using 

)~1(ˆ
tt KKK +=  

This series, in turn, gives the non-stationary time-series using 

ttt AKK ˆ=  
with tng

t eA )( +=  in the stationary case 
and zt

t
st

ztng
t zeA t ε1

)( ; =
++ Σ≡=  in the non-stationary case 

Once we have these two series and the y time-series we can use the equations in the first 
section to find any other macroeconomic variable of interest. 
 
Comparing Results 
 
We generally compare our simulation to some set of data from a real economy.  We 
should generate a large number of simulations and for each one generate an artificial data 
set with the same number of observations as the real data.  We can then compare the 
standard deviations, correlations and autocorrelations from the model with those from the 
real data.  A good model will match a large number of these statistical moments. 
 
We need to filter the real data due to non-stationarity.  We can use the exact filtering 
method on our simulated data which also has a growth component (chosen to match the 
real data).  The alternative would be to use stationary values from the simulation, which 
are available.  However, this raises the possibility that the empirical moments we report 
are sensitive to the filtering methodology.  By using non-stationary data in both cases we 
introduce the exact same filtering distortion to both datasets. 
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Using variances of 025.2 =zσ and 02 =yσ , HP filtering the moments of interest, and 
averaging over 1000 simulations gives the following: 
 

Y C I K L 
st. dev. 0.0282 0.0368 0.0577 0.0054 0.0392 
s.d. relative to Y 1 1.3077 2.0434 0.1904 1.3872 
corr with Y(+4) 0.0502 -0.2109 0.4436 -0.3589 0.0727 
corr with Y(+3) 0.2130 -0.1845 0.6911 -0.2081 0.2315 
corr with Y(+2) 0.4234 -0.1408 0.9928 0.0172 0.4349 
corr with Y(+1) 0.6872 0.3387 0.6544 0.3319 0.6882 
corr with Y(0) 1 0.8345 0.3753 0.5292 0.9987 
corr with Y(-1) 0.6872 0.6354 0.1575 0.6313 0.6707 
corr with Y(-2) 0.4235 0.4560 -0.0064 0.6609 0.3973 
corr with Y(-3) 0.2129 0.3033 -0.1229 0.6374 0.1818 
corr with Y(-4) 0.0502 0.1778 -0.2017 0.5771 0.0176 
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