TECHNICAL APPENDIX

T-1 Derivation of Monopolistic Competition De-
mand and Price Equations in Two-Country

OLG Model

In this section, I derive the individual differentiated-good demand equations for the
two-country overlapping generations model described in this paper as well expressions
for aggregate demand and aggregate prices. This follows the intuition of the closed
economy derivation as first proposed by Dixit and Stiglitz (1977). The difference
here is that aggregate consumption for each individual in time ¢+ 1 is a Home-biased
composite of both Home and Foreign goods. I assume that consumers only care
about Home-biased aggregate consumption Cy,; and that the elasticity of substitution
among Home differentiated goods and the elasticity of substitution among Foreign
differentiated goods is a constant ¢ that is symmetric across countries. However, I
assume that the elasticity of substitution between a unit Home aggregate consumption
and a unit of Foreign aggregate consumption is, in general, not equal to the elasticity
of substitution among individually differentiated goods.

Let p be the constant elasticity of substitution between a unit of aggregate Home-
country consumption and a unit of aggregate Foreign-country consumption. And let
€ be the constant elasticity of substitution among the differentiated goods of each
country. A realistic assumption is that the elasticity among the goods of a specific
country is greater than the elasticity between a units of aggregate consumption from
each country € > p.

The form of the CES consumption aggregator with a Home-bias term 6 is repre-
sented by the following two equations for the Home country and the Foreign country,
respectively.

p=1 =

(T.1.1) Cr = [(1 —0)(Ch )T 400 (otfﬂ)p%] o

_pP_

(T.1.2) Cin=[1-007(cl) T +os(cl) 7]

where p > 0 is the elasticity of substitution between Home and Foreign aggregate
consumption, 6 € [0, %] parameterizes the degree of Home-bias in both countries,

and CI,, Cf.,, CM,, and Cf}| represent aggregate consumption of Home produced
and Foreign produced goods by Home and Foreign consumers, respectively. The
exponent on the Home-bias parameter 1/p is merely an ad hoc functional form that
makes the solutions more clean. An alternative would be an exponent of 1. From
this point on, I only provide the derivation for the Home country, but the derivation
for the Foreign country is completely symmetric.

If Home consumer purchases individual differentiated goods consumption ¢;11(2)
from Home producer z and ¢;,1(z*) from Foreign producer z*, aggregate consumption
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of goods from each country C{'; and C’tf 41 can be defined by the Dixit-Stiglitz CES
aggregator:

e—1

1 =1
(T.1.3) c, = (/ cir1(2) = dz) vt
0

1 =1
(T.1.4) th+1 = (/ ctH(z*)sEl dz*) %
0

where € > 0 represents the elasticity of substitution among all differentiated goods
of a given country.!* The individual demand equations for each differentiated good
cii1(2) and ¢pyq(2*) for all z and z* result from minimizing the cost of consuming given
aggregate levels of consumption Cthﬂ and C’tf 41 by choosing the optimal consumption
bundle ¢;41(2) and ¢y 1(2*) given individual prices p;,1(z) and pyyq(2*).1°

Ct41 (Z) ;Ct4+1

1 1
min (=) / Pe1(2)ciy1(2) dz + et/ Pe1(27)c1(27) d2"..
z*) Jo 0

1 =1
(T.1.5) subject to O}, < [/ ct+1(z)521 dz]
0

1 N =—1
and thJrl S [/ Ct+1(2*)€; dZ*:|
0

where the exchange rate e; is lagged one period due to the portfolio decision being
made in the period previous to consumption. The Lagrangian is the following:

1 1
(T.1.6) ﬁz/ Pea1(2)cii1(2) dz+et/ Per1(2%) e (27) dz" ..
0 0
1 e—1 ;71
+ A (Oth+1 - {/ ci1(2) = dz} )
0
! e—1 5%1
+ A (th—i-l - [/ cer1(27) = dZ*] )
0

Because the Lagrange multipliers A, and A; have the interpretation of being the
marginal cost of an extra unit of aggregated country-specific consumption in terms
of Home-country currency, A is the price of aggregated country-specific consumption

P for k = h, f. That is, P/" is the Home country price index of Home produced

4 Appendix T-3 details some of the various forms that this CES aggregator can take resulting
from different specifications of ¢.

15The dual problem of maximizing the level of aggregate consumption subject to a budget con-
straint of expenditures being less than the currency held at the time of exchange does not yield the
same result because the multiplier on the budget constraint does not have the interpretation as the
price of an extra unit of aggregate consumption.
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goods consumed at Home, and Ptf is the import price index. The Lagrangian is now
given by:

1 1
(T.1.7) ,C:/ Prr1(2)ce1(2) dz—i—et/ D1 (27) e (27) d2"..
0 0
1 . =i
+Pr Oy — {/ cri1(2) = dz]
0
! e—1 ﬁ
—i—etPtfH thH — {/ cry1(2%)F dz*}
0

Because the constraints always bind, the first order conditions are:

e—1 1

1 =1
(T.1.8) pis(2) = Py </ cry1(2) = dz) cy1(2)" s Vit z
0

e—1

1 e—1 1
(T.1.9) prr1(27) = Pt{H (/ cry1(27) = dz*) c1(2¥)7F Vit 2"
0

1 e—1
(T.1.10) = < / i (2) 5 dz) vt
0

1 e—1
0

Solving for ¢;41(z) and ¢49(2*) in (T.1.18) and (T.1.19) and plugging in the con-
straints from (T.1.10) and (T.1.11) which are simply the definitions of aggregated
country-specific consumption from (T.1.3) and (T.1.4), the demand for each coun-
try’s individual differentiated goods take the following form:

= —&
(T.1.12) cir1(z) = (pt};j}i)) Cl, Ytz
z* -
(T.1.13) o (2) = <p“;—f()> Cl, vt 2
t+1

Plugging (T.1.12) and (T.1.13) back into (T.1.10) and (T.1.11) and solving for
Pl | and PtJfH, respectively, gives the analogous expression for the price of aggregated
country-specific consumption.

1

1 1—¢
(T.1.14) P = ( / pra(2)tE dz) vt
0
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1 ==
(T.1.15) Ptf+1 = </ Peir(27)'7° dZ*) vt
0

As in the cost minimization problem in (T.1.5), the Home consumer seeks to
minimize total expenditure subject to a given level of aggregate consumption.

(T.1.16)

min  PLLCP L+ e, PO st G < [(1—9)%(0,5“)“? +9p(ct+1)p%]

h f
Ct+17ct+1

P
p—1

The Lagrangian for this problem is:
(T.1.17)

L=PFlCl+e t+1Ct+1 + Pi1 (CtJrl — [(1 - 0)% (Ct+1) RN (Ct+1) ’ ]pl)

where P, is the multiplier on the constraint and represents the marginal cost of an
extra unit of aggregate consumption. So P, is interpreted as the price of aggregate
consumption. The first order conditions are the following:

ek
(T.1.18) Py = P {(C#}
t+1
0C, .1 | ”
(T.1.19) Pt+1 P }H—l
Cit
(T.1.20) Citt1 = [(1 —0)r (Cth-s-l) g +9 (Ct—s-l)T} .

Dividing (T.1.18) by (T.1.19) gives the following relationship:

1 1
(T.1.21) Pt}jrl (Cth+1>p_ (1_9>”
t+1 Ct+1 0

Notice that in the Cobb-Douglas or log utility case when p = 1, the ratio of Home
consumption expenditure to Foreign consumption expenditure is a constant.'® Also,
note that solving (T.1.18) and (T.1.19) for Cf'; and th+1’ respectively, gives Home
demand equations for aggregate consumption of Home goods and aggregate consump-
tion of Foreign goods.

Ph -P
(T.1.22) Ch,=(1-0) ( ”1) Ciia

6The outcome when p = 1 is different from the case when p € (0,00) and p # 1 in a critical way.
As is shown in Appendix T-4, in the case when p # 1, an international Bertrand duopoly situation
develops between monetary authorities, and the world equilibrium is (x,2z*). [This last sentence
may not be correct.]
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f -P
(T.1.23) cf, =0 (%) Crs
t+1
These demand equations are analogous to the individual demand equations in (T.1.12)
and (T.1.13), except that they include the Home-bias parameter.
The expression for the aggregate price index P,.; of the Home consumption over
aggregate Home and Foreign consumption is found by rewriting (T.1.20) as:

P

1—0\7 o\ |7
(T124) Ct+1 - (CTI) Cth_H + (C’T) th+1
i+

t+1

Then, substituting the expressions for ([1 — 6]/C}, ) 7 and (G/C’tfﬂ) Y2 from (T.1.18)
and (T.1.19) into (T.1.24) gives the expression for aggregate expenditures which is
implied by the cost minimization problem in (T.1.16):

(T.1.25) Pi1Ci = PZLCZL + etf)té-lct];l

Now divide (T.1.25) by aggregate consumption Cy;; and plug in the expressions for
Cl,/Ciyy and Cf,,/Cyyy from (T.1.18) and (T.1.19). The resulting expression for
aggregate price is:

B 1-p] T
(T.1.26) P = |(1=6) (PLy) ™ +0 (eP) ]

Note that this expression is the Home country CPI and is analogous to the within-
country price aggregator in equation (T.1.14) but with the inclusion of the Home-bias
parameter 6.

In the case of Cobb-Douglas aggregation over aggregate Home consumption and
aggregate Foreign consumption (p = 1), the expression for aggregate price is:

1

B 0
(T.1.27) P = m (Pt}fu)l 0 <€tpté-1)

and total aggregate expenditure is given by:

1

1-6 0
(T.1.28) Pr1Cra = 1= gyog (P Cl) <6tpt]-c&-10tf+1>
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T-2 Derivations

Derivation 1 (Demand for differentiated good z). The demand function for
individual differentiated good z from (14) is derived in the following way:

d(2) = ) + c(2) = (Z%f)) oy (p;(;))e che

_ pe(2)\ " m_,’} n p(2)\ T m
Pth Pth Pth Pth
= (plvt(z) ) - m? + m?* — <p17t<z> ) - Mt

J22 22 j22 P
Di t(Z) o xM;_4

o= (242)
P} P}

Derivation 2 (Steady State Equilibrium Home and Foreign CPI growth
rates). The steady state equilibrium Home and Foreign country CPI growth rates
as shown in (??) and (??) are derived in the following way. The Home CPI level is
derived in Appendix T-1, and takes the following form as in (10):

1 h 1-6 f Gh
P = (1-— Gh)1—9h99h (Pt“) ' (etPtH)
h

Dividing P,y1 by P, gives the following expression for the Home country CPI growth
rate:
1-6 On
P _ (Pt}fi-l) " etPt]f&-l
I Pth ei—1 b, tf

( >1eh< e *>"h
= (z —
€1

Using the currency exchange market clearing condition (26) and plugging in the equi-
librium expressions for m{ and m?*, the steady state equilibrium expression for the
growth rate of the exchange rate is:

(& xr

€r_1 x*

Thus, the expression for the steady state equilibrium CPI growth rate in the Home

country is:
P

P
And by symmetry, the steady state equilibrium CPI growth rate in the Foreign coun-
try is:

P*
t+1 _ CE*
Py
It is the steady-state exchange rate growth expression that cancels out the effects of
the other country’s prices in each CPI growth rate expression.
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Derivation 3 (Sign of parameter objects and derivatives with respect to 0,
and 6). Here I derive the derivatives of the parameter summary objects with respect
to 05, and 0;. A review of the objects and their representation is the following:

Ah:(l—ﬁh)(l—a)—£
Ap=(1=0p)(1-0)=¢
Zh:9h(1—0)
Yp=0s(1-0)

0 - (£ x§
" \e—1) (1= 6,)-00-0)(g,)0n(1-0)

0. (_° x§
f e 1 (1 _ 9f)(1—9f)(1—g)(Qh)ef(l—a)
A -3
S)H’::(Slh)AhAf_Eth “)f)AhAf—zhzf

A -3y
Qp = ()50 5057 (Q,) 5587 5%

The signs of the representative parameter objects and their derivatives with respect
to 05, and 0 are the following:

0A
Ay <0 always, aTh:—(1—0)>0Whena>1
h
0A
Ay <0 always, an:—(1—0)>Owhena>1
f
oy,
¥ <0 when ¢ >1 and 6, > 0, W:1—0<Owhena>1
h
0Xy
¥y <0 when o0 >1 and 0y > 0, 8Tzl—a<0whena>1
!

2 >0 when 0; > 0,
th 8log(Qh) 1-— 9h
=0 = Qu(1 — 1
90, " o6, p(l =o)L+ log | =5
th 8log(Qh)

< 0 when 0 >1 and 0y >0

6
= —Ou(1—0)=% >0 when ¢ > 1 and 6, >0

=Q
a6, o6, 0;
Q¢ >0 when 6, > 0,
Q Q 1—
680; — Qfaloéqe(f /) =Q(1—o0) [1 + log < Ghef)} <0 when 0 >1 and 0, >0
0Qy . Olog(f

) 7
a0, 2, :—Qf(1—0)8—£>0vvhena>1and 0y >0
ApA =25 = (1= 0, —05)(1—0)? — (1 —0)&(2— 0, — 0;) + € > 0 always

90, = o, =—(1-0)1—0—-¢&) <0 when o >1
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Derivation 4 (Optimal monetary rules). The optimal monetary policy rules (48)
and (49) are derived by having the monetary authority maximize the equilibrium
utility of a representative agent in its own country with respect to its money growth
rate. Below is the solution for the problem of the Home monetary authority, but the
Foreign monetary authority’s problem is symmetric.

(16— = o) =1

o ok
max Vi(x,z") max = xn
Taking the derivative of V' with respect to = gives:
oV AN om\ ' ane on
— =C 7 |(1-0)° =) =— +0u0s | = — xéntt =
o (1=6) (Ch> ar T (Cf> oz | X as

where n, n*, C" C/, and C are given by (44), (45), (38), (39), and (??), respectively.
Setting the derivative equal to zero, it can be rewritten:

(1 - 0h>£ (Ch)Ah (Cf)Eh

n@
(1—6,) +0,—22 | =&

»on
n ox

where Ay, = (1 —60,)(1 —0) — € and 3y, = 0), (1 — o). Writing C" and CV in terms of
n and n*, the expression can be rewritten in the following way:

o ) |- ) + 6,2 | = x
h hn*g_n (1 _ eh)(lth)(lfJ)(ef)Gh(lfJ)

The following two expressions are important for finding the solution and for under-
standing why the optimal monetary policy rules are independent of the policy choice
of the other country.

on*
no- =X
—g - —=L and  (n)® (n*)™ = 20,
n*—BZ Af

where Ay = (1—-0f)(1—0) =&, X =6;(1 —0), and:

q - [_E x§
P \e—1) (1= 6,)-00-0)(g,)o(1-0)

So now the optimal money growth rate for the Home country can be written in the

following way:
N E — 1 Af
Tr =
g (1—9h)Af—9th

:<€—1) (1-605)(1—0)—¢
e J(1=0—0)1—0)—(1-0,)¢
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Using the analogous symmetric value function of the Foreign representative agent,
one can solve the Foreign monetary authority’s maximization problem and get the
symmetric result that the optimal rate of Foreign money growth is given by:

"= <8;1) (1_9f)iz_9fzh
:<5—1) (1—60y)(1—0)—¢
=) T -0 —0) (1 -0

The reason why z is not a function of z* and why z* is not a function of x is
because the equilibrium derivative 8((]9(9:0) divided by the equilibrium derivative 8%—(;) is

independent of 2*. This reduces down to the two expressions above for (n)*" (n*)™"
n On* (8_n
n* Or \Oz

and )_1. Both of them are independent of x*.
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T-3 Properties of International Model CES aggre-
gator

In this paper, I assume a specific case of the general CES functional form for aggregate
consumption of a given Home or Foreign consumer. As defined in Section 2.2, the
aggregate consumption levels of the differentiated goods of the Home and Foreign
countries are, respectively:

1 =1
(T.3.1) Cl, = (/ cri1(2) = dz) Vi
0

1 =1
(T.3.2) cl, = (/ Ct+1(z*)€;1 dz*) Vit
0

where ¢ is the constant elasticity of substitution among differentiated goods in either
the Home or Foreign country. The aggregator over both Home aggregate consumption
CP., and aggregate Foreign consumption cf 41 takes the same general CES form as in
(T.3.1) and (T.3.2).
1 o=l 1 p-17757 1

(T.3.3) Ciy1 = [(1 —0)7 (Cry) 7 +07 (thﬂ) P } for 6 e [0, 5]
where 6 is a Home-bias parameter and p > 0 is the elasticity of substitution between
a unit of Home consumption and a unit of Foreign consumption. The only restric-
tion is that the elasticity of substitution between aggregate Home consumption and
aggregate Foreign consumption is assumed to be less than or equal to the elasticity
of substitution among the differentiated goods in either country (p < ¢). In the anal-
yses in Section 2, I assume a specific case of (T.3.3) in which the aggregator assumes
a Cobb-Douglas form (p = 1). The general CES aggregator is an attractive form
because it nests so many economically relevant cases.

Figure 3 shows various specifications of the general CES aggregator function in
(T.3.3). Taking the limit of (T.3.3) as p — 0, a fixed level of aggregate consumption
takes the Leontief form of perfect complements as shown in the first panel of Figure
3. Using L’Hospital’s rule when taking the limit of (T.3.3) as p — 1, the aggregator
function corresponding to unit elasticity (p = 1) is Cobb-Douglas or log utility as
shown in the second panel in Figure 3. Lastly, the fourth panel shows that the linear
aggregator or perfect substitutes is the resulting aggregator function as p — oo. This
reflects the case of perfect competition. Included in the third panel of Figure 3 shows
the shape of the general CES aggregator function when the elasticity of substitution
is at its often calibrated value of 10.

The key result here is that each constant consumption aggregator curve becomes
flatter as the elasticity of substitution increases from the perfectly inelastic case of
p = 0 to the perfectly elastic case of p = oco. The exponent of 1/p on the Home
bias terms is merely a convenience to make the resulting constant expenditure ratio
a more simple expression.

It is important, however, to recognize that the common assumption of a logarith-
mic or Cobb-Douglas aggregator is implicitly assuming a unit elasticity of substitution
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Figure 3: Various specifications of general CES aggregator function
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between Home and Foreign aggregate consumption. As is shown in equation (19) of
Section 2.2, the case of p = 1 implicitly makes the strong assumption that individu-
als exchange a constant share of their revenues for Foreign currency. Appendix T-4
addresses the solution to the model when the total consumption aggregator takes its
general form (p > 0).
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T-4 Solutions for General CES Aggregator

The purpose of this appendix is to document some of the solutions to the equilibrium
problem when the CES aggregator over Home aggregate consumption is not restricted
to the Cobb-Douglas case of unit elasticity of substitution (p # 1).

P
-1

1 1 p=l| Pl 1
(T41) CtJrl = |:(1 — eh)P (Czl+1) P+ 0}5 (Otf_H) P } for 6, € (0, §:|

The maximization problem analogous to (18) is the following:

(T.4.2)
p—1 p—1 % 1-0
(1 — 0 )% [;Dt(z)] 1—¢ oMy eom! —(@—DaM_y | * N Q% i ol B
h PP Pl 20 A
max
m{ pe(2) -

where the two first order conditions, analogous to (19) and (20), are:

(T.4.3) Pl (C[L-i—l)p _ (1 - 9h)”
etPtJfﬁ-l th+1 On
1 fe—1\ p(z 1_g -1 _
(T.4.4) (1—6y)7 < - ) %(Cm)p (Cl) ™7 = xE (ne(2))*

where equation (T.4.3) equates the marginal cost of giving up a Home-currency unit
of Home consumption for the marginal benefit of a Home-currency unit of Foreign
consumption. Equation (T.4.4) equates the marginal benefit of raising price in terms
of less demand and less disutility of labor to its marginal cost in terms of lost income
in the next period of life. The market clearing conditions are the same as in Section
2.3. The equations that characterize an equilibrium in this case, given monetary
policy (z,z*) are shown in Table 3.

The steady-state equilibrium inflation rates are again equal to the money growth
rates as in (36). However, because the first order condition for m/ in (T.4.3) no longer
implies a constant expenditure share on Home and Foreign consumption, individuals
can substitute away from Foreign expenditure when the inflation tax of the Foreign
country’s monetary policy adversely affects them. A key point here is that, when
p = 1 and the aggregator is Cobb-Douglas, agents are bound to hold a specific
fraction of their revenues in Foreign currency. Thus, p = 1 renders the demand for
Foreign currency inelastic. When p # 1 the elasticity of demand for Foreign currency
becomes elastic.
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Table

3: Equilibrium conditions given x and z* with general CES aggrega-

tor
Home country Foreign country
T T
(197) Pl <£) " () etPlyy (g) " ()
Pl \cfy, On Pl \CHh b5
1_, 1,
1, Ciyr)” _ 1, o Ci)” B
(20" (1—6,)7 (651 z;;}gz) % =& (nt(z))f 1 (1—0;)r (%) p;(fz ) ( ) — =x¢ (nt(z*))g 1
t+1 ch P t+1 of* \*
( t+1 t+1
(15) ni(z) = (222 ey ne(z*) = (2D TCarMpy
Pth Pfh Pff Pff
3 . hx
(11) pe(2)ne(z) = mb + etm{ pe(2*)ne(2*) = m{* + mett
i G I (@ —1)z* My
16 ch = mitE—DeM; of — mi @ DT My,
(1) e P 41 Pl
(17) ol =t ohe = miT
17 1= P
1 ,ae=t Lo pe1]50T = SN PP b
(?7) Cry1=|(1—-0n)r (Ct+1) P4 0f (Ct+1) L Cty=|(Q—0p)r (Ct+1) Pt 9; (Ct-:l) s
Market clearing conditions
(22) ni(z) = ct(2) + ¢ (2)
(23) ni(z") = ci(z") + ¢; (27)
(24) M = mp +mp*
(25) My = mf 4 ml*
(26) etmtf = m?*

As in Section 2.4, the steady state equilibrium inflation level is found by substi-
tuting the money market clearing conditions (24) and (25) and the currency exchange
market clearing condition (26) into the portfolio constraint (11) and its Foreign ana-
logue, and then iterating the constraint one period forward.

(T.4.5)

(T.4.6)

h
Pl
f
Pt-i-l — *

p

The steady state equilibrium exchange rate is found by plugging the expressions for
the currency shares from (28) and (29) into the currency exchange market clearing
condition (26).

(T.4.7)

(1—¢)M,
(1—¢*)M;

€t =

Plugging in the expressions for the currency shares from (28) and (29), the equi-
librium inflation rates (T.4.5) and (T.4.6), and using the currency exchange market
clearing condition (26), the expressions for steady-state equilibrium aggregate con-
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sumption levels given x and x* are the following:

(T.4.8) ch = (ptz—1)n
xZ
(T.4.9) Cf = w
x*
(T.4.10) e (e =t
x*
(T.4.11) o = @

and the steady state equilibrium expressions for Home and Foreign employment are:

(T.4.12) n = M
pe(2)
* M
(T.4.13) i o
pe(z*)

Now taking the steady state equilibrium values of (T.4.8) through (T.4.13) as well
as the equilibrium characterizations for prices and the exchange rate from (T.4.5),
(T.4.6), and (T.4.7), and substituting them into the two first order conditions for the
Home country (T.4.3) and (T.4.4) and their two Foreign analogues, the steady state
equilibrium is characterized by the following set of four equations in four unknowns

(0, pe(2), ", pe(27)):

(T414) Ch (Cf)p_l (Ch*)_P _ 1 - eh
On
),

(T .4.15) cf (cM) 7 (eh)* L6

(T.4.16) (1—6,)7 (s — 1> (0)’1)_0 . <%)5_1

X

w2 P ()
Cf+)”

Thus, the policy functions are functions of the parameters, x and z*, and state vari-
ables M, , and M} ;. The state variables are normalized to 1 in this case without
loss of generality.

Because the model with the general CES aggregator (0 < p < oo and p # 1)
has no analytical solution, I solve it numerically.!” Figure 4 shows the value function
V(z,z* of a representative agent in the Home country. It was calibrated such that
0=0.75,0=3,e=10,x =2, =2, p=2, and z,2* € (0.9, 2.0).

17T discretize the (z,2*) state space and use a Nelder-Mead simplex search method to find the
solution at each point. The code for this computation is available upon request.

47



Figure 4: V(z,2*) in general CES case

V(X,X*)

Calibrated parameters: 0, = 6y =0.75, 0 =3, e =10, x =2, £ =2, p = 0.95.

The main difference here from the Cobb-Douglas aggregator case in the paper in
which p = 1 is that the optimal expenditure share on Home currency ¢ is now a
function of both x and x*. So individuals can substitute away from Foreign currency
expenditure if it becomes too expensive in terms of Home consumption. This induces
an international Bertrand duopoly situation between the two monetary authorities.
That is, the lower money growth rate a monetary authority chooses, the more attrac-
tive are the terms of trade for a Foreign country. It becomes a race to the bottom
and the world equilibrium monetary policy is (x = z* = 0).
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T-5 Frictions

Before moving on to the results from Section 2.4, it is instructive to highlight the
two frictions present in this model-——money and imperfect competition—and their
interplay with the level of openness. The two frictions are most easily isolated in a
closed economy when the other friction is shut down. The inefficiencies caused by
these two frictions are manifested in this setting as the “labor wedge” outlined in
Chari, Kehoe, and McGrattan (2007).!® The efficient allocation is found by solving
the planner’s problem of maximizing the utility of the period-t old from consumption
minus the disutility of labor of the period-¢ young in the closed economy case 6}, = 0,
subject to the resource constraint.

- masu (CF) — g )
st. CM=n,

The planner’s solution steady state equilibrium is the following:
(T.5.19) (Cpssnps) = U/ (C™) = ¢'(n)

The deviation from the planner’s solution created by the presence of imperfect
competition is isolated by looking at the closed economy decentralized steady state
solution where 0, = 0 in which the money growth rate is fixed at x = 1. The first
order condition in (20) can be written as:

(T.5.20) (Cicynie) = u/'(C) = ®g'(n)
where ® = % > 1 and (T.5.20) represents that marginal utility of consumption
equals a markup over marginal cost. The monopoly power enjoyed by firms result-
ing from the imperfect substitutability ¢ of their goods allows producers to raise
prices above the efficient level and lower output in order to maximize profits. Thus,
(Cie, nie) K (CpsyMps), and (Cie, nye) decreases as the degree imperfect competition ®
increases (as € decreases).

In like manner, the deviation from the planner’s solution created by the money
growth rate is isolated by looking at the closed economy decentralized steady state
solution where 0, = 0 in which producers are perfectly competitive ¢ = oo (& = 1).
The first order condition in (20) can now be written as:

(T.5.21) (Cops Tmp) étﬂ(C) =g'(n)

Equation (T.5.21) highlights the reason why expansionary monetary policy is thought
of as an inflation tax. For higher money growth rates, the marginal benefit of an extra

8However, a key point on which this paper differs from Chari, Kehoe, and McGrattan (2007) is
that money is set optimally in this paper and not stochastic. But Chari, Kehoe, and McGrattan
(2007) do conclude that the labor-wedge channel does explain much of the observed variation in
business cycles.
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unit of labor decreases. Another way of looking at this problem is that the marginal
productivity of labor is equal to 1, given the linear production technology. But the
real wage in the closed economy is % So for any money growth rate greater than 1,
the real wage is less than the marginal productivity of labor. The result is that labor
supplied is inefficiently low and (C,p, Nimp) <K (Cps, Myps) for all z > 1. Conversely,
(Conps mp) > (Chs, mps) for all @ < 1. If the money growth rate is set optimally, the
first best policy is = 1 in this closed economy setting.

The interplay between openness, monetary policy and imperfect competition is
seen when the closed economy frictions described preceding paragraphs are compared
to their open economy counterparts. In the closed economy above, any money growth
rate greater than the inverse of the markup gives a leisure subsidy that is dominated
by an inflation tax, both of which are borne entirely by the agents of the closed
country. However, when the two countries are open (6,67 > 0), the inflation tax im-
posed by increasing the money growth rate is no longer borne solely by Home agents.
Furthermore, increased money growth by the Home monetary authority actually in-
creases the real wage through the terms of trade appreciation and increased preference
weight on Foreign consumption. This added benefit of Home money growth is due to
the international monopoly power of the Home monetary authority derived from the
degree of inelastic demand fo imports by Foreign consumers.!?

From the expressions for Home and Foreign employment in (44) and (45), the
Home leisure subsidy results from the negative effect of an increase in x and the For-
eign leisure tax results from the positive effect of an increase in . The consumption
tax of inflation can be seen by taking the derivative of equilibrium Home aggregate
consumption C' and Foreign aggregate consumption with respect to x.

(T.5.22)
C =[(1=6,)n]" " [6,m*]%
f
0p(1—0—¢)
. (1 — eh)(l—eh)(l—a)gfch(lfg) Ah’Af_Eth (1-6p)A ;0,55 0p A —(1=0,)%)
— (1 _gh)l—t%gfh (:E) ALA;-S,%; (:E*) AL A 5,5
(1— Qf)(l—ef)(l—a)QZf(l—a)
(T.5.23)
C* = [(1 = 05)n"] =" [Gn)"”
(1—0 )(1—9f)(1—a)99f(1*<7) AifA(;_—;_hEZ)f (1-07)A, 03, 0pA;—(1-0,)%;
— (1 _gf)1*9f99f f h (:C*) R, A 5,5 (:I:‘) N S
h (1- eh)(lth)(lfa)ejgch(lf")

The exponents on z in both (T.5.22) and (T.5.23) are both negative, but the exponent
on x in (T.5.22) is larger in absolute value. That is, an increase in the Home money
growth rate will cause a decrease in both the Home aggregate consumption C' and
Foreign aggregate consumption C*, but the decrease in C'is greater than the decrease
in C*. This latter fact is seen more clearly when steady state equilibrium relative

YRecall that the constant expenditure share principle derives from the first order condition of the
utility with the Cobb-Douglas aggregate consumption.
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aggregate consumption is expressed as follows:

(=6, —07) (170 =¢)
5oy & 17 0) 1= [ (1 — g,)a-000-)gls1=) | ATy
0. o (1 - Qf)(l—Hf)Hzf (1 _ gh)(l—eh)(pg)efch(l—a)x*

The exponent on the bracketed term is negative, so an increase in x makes C' decrease
more than C*. Thus, the inflation tax in the open economy is not just a decrease in
equilibrium Home aggregate consumption C' as in the closed economy case, but also a
decrease in Foreign aggregate consumption C* and an increase in Foreign employment
nr.

As was mentioned earlier, the Home leisure subsidy is the only benefit of inflation
in the open economy that also exists in the closed economy. However, in contrast to
the decrease in the real wage in a closed economy, an increase in the Home money
growth rate x increases the real wage in the open economy setting. The real wage in
the open economy is the extra aggregate consumption from an extra unit of labor.
Thus, the Home real wage is the derivative of Home aggregate consumption C' with

respect to n.

aC n*\ o
— = (1= 0,)* "0 (—)

on n
T.5.2 Op(1—c—€)
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Because the exponent on the bracketed term is negative, the effect of an increase in
the Home money growth rate z is to increase the real wage. On the other hand, an
increase in the Foreign money growth rate x* is to decrease the real wage due to the
positive effect of z* on n.

This real-wage benefit of Home inflation is driven by two components. First, as
has been documented by Corsetti and Pesenti (2001), Cooley and Quadrini (2003),
Cooper and Kempf (2003), and Arseneau (2007), an increase in the Home money
growth rate x causes the terms of trade to appreciate in favor of the Home country.
The terms of trade for a given country is defined as the price of its exports in terms of
its imports. In the steady state equilibrium, the terms of trade for the Home country
can be expressed as follows:

_l-o—g
Py 8y [(1— 0,)1-000=0)gh(1=0) ) 5085505,
etPt]—cl—l On (1—ef)(l_ef)(l—cr)er(l_U)x

(T.5.26) ToT =

Again, because the exponent on the bracketed term is negative, the effect of an
increase in the Home money growth rate z is to increase the cost of Home exports
in terms of Home imports. On the other hand, an increase in the Foreign money
growth rate x* is to decrease the terms of trade. The second component of the real-
wage benefit of Home inflation is simply that increased openness means that more
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weight is placed on Foreign consumption which is amplified by the terms-of-trade
appreciation.

So the objective of the Home monetary authority is to set its money growth rate
such that the benefits of the inflation caused by z (leisure subsidy and real-wage
benefit) equal the costs (consumption tax). The real-wage benefit is a direct result
of the monopoly power that the monetary authority enjoys in international markets.
And this monopoly power derives from the degree of inelastic demand for Foreign
goods, as shown in the first order condition for Foreign currency balances (19).

Lastly, looking at the expression for the optimal Home money growth rate = in
(48), it is no surprise that as the degree of imperfect competition increases in the
Home country, the country-specific welfare benefits that the monetary authority can
obtain from increasing the money growth rate decrease. Intuitively, the monopoly
rents from the imperfect competition structure replace the monopoly rents obtained
by the monetary authority through increasing the money growth rate.
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