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Abstract

The overlapping generations (OLG) model is an important framework
for analyzing any type of question in which age cohorts are affected differ-
entially by exogenous shocks. However, as the dimensions and degree of
heterogeneity in these models increase, the computational burden imposed
by rational expectations solution methods for non-stationary equilibrium
time paths increases exponentially. As a result, these models have been
limited in the scope of their use to a restricted set of applications and a
relatively small group of researchers. This paper presents two alternative
methods for solving for non-stationary equilibrium time paths in OLG life
cycle models that are new to this class of model. We then compare the
speed and accuracy of these computational methods with the benchmark
rational expectations time-path iteration method.
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1 Introduction

In 2008, the overlapping generations (OLG) model proposed by Samuelson (1958)
turned 50.! OLG models provide a dynamic general equilibrium setting with hetero-
geneous agents that looks more simple and intuitive on the surface than the more
conventional models with infinitely lived agents. The OLG framework is invaluable
for analyzing any type of question in which age cohorts are affected differentially by
exogenous shocks. However, the intuitive structure of new generations of finitely lived
agents being born in each period comes at a cost. The first two Fundamental Welfare
Theorems do not hold in OLG models, and the computation of non-stationary equilib-
rium time paths of the endogenous variables can require a tremendous computational
burden.

It is the latter complexity of OLG models—mnamely, the computational burden of
computing non-stationary equilibrium time paths—that we wish to address in this
paper. In particular, we propose two new methods for computing the non-stationary
equilibrium time paths for endogenous variables. Neither method is new to economics,
but rather has not been employed in the OLG class of dynamic general equilibrium
models. As both methods employ some degree of approximation, we compare the two
new solution methods to the benchmark conventional method in terms of both speed
and accuracy.

As a recent example of the constraints exacted by the computational require-
ments for equilibrium transition paths in OLG models with a significant degree of
heterogeneity and uncertainty, Nishiyama and Smetters (2007) lament that “[t]he
more extensive model contained in this paper requires the addition of another state
variable, which significantly increases the...required computation time from several
hours to typically several days per simulation.” Even a computation time of several
hours makes procedures like forecasting prohibitive if the model must be simulated

numerous times in order to approximate the distribution of forecasts.

1See Weil (2008) and Solow (2006). The authors do not know what was the earliest reference to
the strange OLG acronym. However, Karl Shell still refers to it, in a manner more consistent with
the rules of acronyms, as the OG model.



The benchmark conventional solution method for the non-stationary equilibrium
time path in OLG models is outlined in Auerbach and Kotlikoff (1987, ch. 4) for
the perfect foresight case and in Nishiyama and Smetters (2007, Appendix II) for the
stochastic case. We call this method transition path iteration (TPI). We will show
the conventional TPI method is a rational expectations equilibrium concept in which
each agent correctly forecasts the decisions of the other agents, thereby correctly
forecasting the future distribution of savings.

The first new OLG solution method we propose is the method of undetermined
coefficients (MUC) from Christiano (2002). This method has been used widely in
computing solutions to dynamic stochastic general equilibrium (DSGE) models with
infinitely lived agents. MUC simplifies the equilibrium computation by taking a
linear approximation of the characterizing intertemporal Euler equations. We call
our second new OLG solution method the alternative model forecast (AMF) method.
This method approximates the rational expectations requirement by having agents
forecast future states of the world using some general alternative model method. This
approximation can reduce the equilibrium time path computation time if the degree
of heterogeneity in the OLG model is large enough. It is essentially a weakening of
the rational expectations assumption.

We find that no solution method computes the equilibrium time path faster than
the method of undetermined coefficients (MUC). The speed of this computation comes
from the linear approximation of the characterizing intertemporal Euler equations
which eliminates the need for recursive solution techniques. We also find the accuracy
lost in the MUC solution path is minimal. In addition, we find that the alternative
model forecast (AMF) method can perform faster than the benchmark TPI solution
method if the degree of heterogeneity in the OLG model is large enough. The accuracy
of the AMF method depends on the alternative model used.

This paper is organized as follows. Section 2 describes a simple perfect-foresight
version of the model with S-period lived agents and defines the steady-state equilib-
rium and the transition path equilibrium. Section 3 describes the benchmark equi-

librium time path solution method and the two new solution methods, and compares



each method in terms of speed and accuracy. Section 4 then compares the three solu-
tion methods’ speed and accuracy on a large stochastic version of the model similar to
Nishiyama and Smetters (2007) which incorporates a larger degree of heterogeneity.

Section 5 concludes.

2 General perfect foresight model: S-period lived

agents

2.1 Household problem

A measure 1/S of identical individuals is born in each period ¢ and live for S € (1, 00)
periods. Individuals are endowed with one unit of time in each period t that they
supply inelastically to the labor market. Let s represent the periods that an individual
has been alive. The fixed labor supply in each period ¢ by each age-s individual is
denoted by n ;.

At time ¢, generation s agents know the real wage rate w; and know the one-period
real interest rate r, on bonds by, that mature at the beginning of period ¢. In each
period t, age-s agents choose how much to consume ¢, ; and how much to save for the
next period by loaning capital to firms in the form of a one-period bond bs; 1441 in

order to maximize expected lifetime utility of the following form,

S—s l1-0o
Cs —1
Ust = Zﬁ”u (Cstutru) wWhere w(csy) = (’tl)T (2.1)
u=0

where u(c) is a constant relative risk aversion utility function, o > 0 is the coefficient
of relative risk aversion, and ( € (0, 1) is the agent’s discount factor
Because agents are born without any bonds maturing and because they purchase

no bonds in the last period of life S, the per-period budget constraints for each agent



normalized by the price of consumption are the following.

wtns,t Z Cs,t + b5+17t+1 for s=1 (22)
(]. + T’t) bsﬂg + Wes ¢ Z Cs,t + bs+1,t+1 for 2 S S S S—1 (23)
(1 +74) by + winey > coy for s=8 (2.4)

Adding up these per-period budget constraints gives the following representations of

each agent’s lifetime budget constraint.”

S—1 S—1
Z dt+uwt+uns+u,t+u > Z dt+ucs+u,t+u for s=1 (25)
u=0 u=0
S—s S—s
(1 + Tt) bs,t + Z dt-i—uwt-‘runs-i-u,t-‘ru Z Z dt+ucs+u,t+u for 2 S S S S (26)
u=0 u=0
where
1 if u=0
dt+u - (27)
| e if 1<u<s

We next describe the Euler equations that govern the choices of consumption c¢; ¢
and savings bs11 .41 by household of age s in each period ¢. We work backward from
the last period of life s = .S. Because households do not save in the last period of life
bs+1.1+1 = 0 due to our assumption of no bequest motive, the household’s final-period

maximization problem is given by the following.
c 1
max ———— s.t. (L4+1) bse +wing, > cgy Vit (2.8)

Because the s = S problem (2.8) involves only time-¢ variables that are known with
certainty, the solution to the problem is trivially that the household consumes all of

its income in the last period of life.

cst = (1+71)bgse +wingy Vt (2.9)

2See Appendix T-1 for derivation of the lifetime budget constraint.



In general, maximizing (2.1) with respect to either (2.5) or (2.6) gives the following

intratemporal Euler equation,
B (Cstuttu) - =Aiyy for 0<u<S—s51<s<S Vi (2.10)

where A is the Lagrangian multiplier on the lifetime budget constraint. The intertem-
poral Euler equation is obtained by iterating (2.10) forward one period to ¢t + 1, and
dividing it by the period-t intratemporal Euler equation.

(Corutru) * = B (L + reust) (Copurtprust)
(2.11)

for 1<s<S—-1, 0<u<S-—s, Vt

2.2 Firm problem

A unit measure of identical, perfectly competitive firms exist in this economy. The
representative firm is characterized by the following Cobb-Douglas production tech-

nology,
Y, = AKMN!™ vt (2.12)

where A is the fixed technology process and a € (0,1). Profit maximization results
in the real wage w; and the real rental rate of capital r; being determined by the

marginal products of labor and capital, respectively.

wy=(1—-a)— WVt (2.13)

re =0 \% (2.14)

2.3 Market clearing and equilibrium

Labor market clearing requires that aggregate labor demand N; equal the sum of
individual labor supplied n,,;. The supply side of market clearing in the labor market
is trivial because household labor is supplied inelastically. Capital market clearing

requires that aggregate capital demand K; equal the sum of capital investment by



households b, ;. Lastly, goods market clearing requires that aggregate production Y;

equal the sum of household consumption cs ;.

Il
E
| =
&
<C
~

N, (2.15)
s=1
L
Kt - Z gbs’t Vt (216)
s=2
SR
}/;g = §C37t Vit (217)
s=1

Let by = {bay, b3y, ...bs } be the distribution of capital at time ¢. Then the steady-

state equilibrium for this economy is defined as follows.

Definition 1 (Steady-state equilibrium in simple S-period model). A non-
autarkic steady-state equilibrium in the simple overlapping generations model with
S-period lived agents is defined as a constant distribution of capital

bt - {62,63, Bs} - li_) Vt

consumption allocations ¢, for all s and ¢, aggregate firm production Y;, labor de-
mand H;, and prices w; and r; for all ¢ such that households optimize according to
(2.11), firms optimize according to (2.13) and (2.14), and markets clear according to
(2.15), (2.16), and (2.17).

The steady-state equilibrium of the simple S-period OLG model is relatively simple
to solve because the steady-state distribution assumption that b, = b implies the

following;:

b,=b = b57t:b57t+u:l_)5 Vs,t, and 1—s<u<S-—s (2.18)

This relieves the burden of knowing what all the other agents in the economy are
doing.

From (2.16), it is clear that the aggregate capital stock K; is a function of the
state b;. The only nontrivial variable in the production function (2.12) is K;, so

aggregate output Y; is also just a function of the state b,. The first order conditions
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of the firm (2.13) and (2.14) show that prices w; and r; are functions of Y; and K;
and, therefore, functions of the state r, (b;) and wy (b;). Expression (2.18) suggests
that the distribution of capital in the steady state is equivalent to the distribution of

capital across any individual household’s lifespan.

b, =b={b,bs,..0s} = {bos,bsy,..bs;} = {boy, b1, bsprs—1}  (2.19)

Expression (2.19) implies that the S — 1 savings rates over the life span of a
household in the steady state are perfectly identified by the system of S —1 equations
represented by the household’s intertermporal Euler equations (2.11). Substituting
the steady-state version of the per-period budget constraint (2.3) into the intertem-
poral Euler equation (2.11) gives the following steady-state system of S — 1 equations

in S — 1 unknowns.

ﬁ(l 7 (B)> {(1 7 (B)>53H + @ (b) ngps — BM} - (2.20)

for 1<s<S—1, and l_)lzl_)gH:O

Because the an analytical solution to (2.20) is not possible due to the CRRA prefer-
ences, the steady-state equilibrium distribution of savings b must be solved numeri-
cally.

Figure 1 shows the computed steady-state equilibrium distribution of savings b
over the life cycle for a particular calibration of the model parameters [S, 3,0, a] =
[30,0.96, 2,0.35]. We assume that labor is supplied inelastically for the first 24 periods
of life (ny = 1 for 1 < s < 24) and that the labor supply goes to zero for the last
six periods (ns = 0 for s > 25), which corresponds to a retirement period of the last

20-percent of household’s lifespan.? The steady-state aggregate capital stock shown

3 A person’s lifespan here is defined as the duration from the period they start working until the
period they die. We ignore childhood. So the calibration of ny = 1 for 1 < s < 24 and ng = 0
for 25 < s < 30 corresponds to households starting work at age 20, working until age 65, being in
retirement from age 66 to age 75, and then dying at the end of 75.



in Figure 1 is K (l_)) = 3.74, and the steady-state equilibrium real wage and real

interest rate are w (b) =1.12 and 7 (b) = 0.13, respectively.

Figure 1: Steady-state distribution of savings b: S = 30
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Outside of the steady state, an age-s household’s intertemporal consumption
decision in each period from (2.11) depends not only on the current state b, and
that household’s savings decision in the current period bs;4 41 and the future period

bsi2.1+2, but also on the savings decisions of all the other households in the economy



in the current period by, ;.

—0

[(1 +r (bt)>bs7t +w (b)), — bsﬂ,m] — .

6(1 +r (bt+1)> {(1 +r (1c>,5+1))z)5+1¢+1 4w (b)) nast — bmm] ) (2.21)

for 1<s<S5—-1, and by =bs1+ =0 Vi

The non-steady-state equilibrium in this economy is more complicated because
relation (2.19) does not hold when the economy is not in the steady state. In this
case, the real wage and the real interest rate in each period are functions of the
distribution of savings at the beginning of that period w; = w (b;) and r, = r (by).
This means that each household must be able to forecast future prices, and therefore
future capital distributions, in order to make its own savings decisions. Let general
beliefs about the future distribution of capital in period t 4+ u be characterized by the

linear operator I'(+) such that:
be,, =T"(b) W, u>1 (2.22)

where the e superscript signifies that bf, , are general beliefs that are not constrained
to be correct.

The expression of individual beliefs in (2.22) is a weak assumption in the sense
that it does not constrain the beliefs to be correct. However, it is a strong assumption
in that it implies the following two properties. First (2.22) implies that each house-
hold knows the entire distribution of savings b; at time ¢. It also implies that each
household has symmetric beliefs about the savings policy function of all the other
households bsi1411 = bsi1 (by). That is, I'(+) has no s subscript. With these gen-
eral beliefs, we can now define a general non-steady-state equilibrium of the simple

S-period model.

Definition 2 (Non-steady-state equilibrium in simple S-period model). A
non-steady state equilibrium in the simple overlapping generations model with S-



period lived agents is defined as a distribution of capital b5, and consumption alloca-
tions cs, for all s and ¢, aggregate firm production Y, labor demand H;, and prices
w,; and r; for all ¢ such that:

i. households have symmetric beliefs about the future savings decisions of the
other agents characterized by the transition function I'(-) described in (2.22)
such that they believe the transition of the state in each period evolves in the
following way,

b, =T"(b) V¥t u>1

ii. household beliefs about the future distribution of savings equal the realized
outcome (rational expectations),

by, =by., Vi, u>1
iii. households optimize according to (2.11),
iv. firms optimize according to (2.13) and (2.14),
v. and markets clear according to (2.15), (2.16), and (2.17).

One implication of households having symmetric beliefs is that they will have

symmetric policy functions. In other words, (2.22) implies the following.
bf—i—u =1 (bt) Vt, u 2 1 = bs,t+l (bt) = bs,t—i—u (bt) VS, t, u 7£ 1 (223)

That is, if the equilibrium savings choice is by ;41 according to Definition 2 for an age-s
household given the state b;, then an age-s household in a different period t + u will
choose the same equilibrium savings rate if the same state b; occurs. The intuition
is that if a household knows what savings level it would choose at any age s and any
state by, then the symmetry of the problem implies that the household knows what
all the other households would choose at any age s or state by.

With Definition 2, the non-steady-state equilibrium can be computed by rewriting

the set of intertemporal Euler conditions from (2.21) in the following way.

{(1 o (bt)>bs’t +w (by) ns — bs+1,t+1:| = ..

—0

B(1+7(T(b)) {(1 7 (D(00) bt + w(T (b)) et — bsﬂm} (2.24)
for 1<s<S5—-1, and b1y =bs1: =0 Vi
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System (2.24) is then a set of S — 1 equations with S — 1 policy functions bs(-). The
fixed point argument of the non-steady state equilibrium is that the set of S —1 policy
functions shown in (2.23) implied by beliefs (2.22) must be consistent across time as

described in part (ii) of Definition 2.

3 Non-steady-state Equilibrium Solution Methods

This section outlines the benchmark time path iteration (TPI) method for solving
the non-steady-state equilibrium path of the distribution of savings and then details
two new methods for computing the equilibrium transition path—the method of un-
determined coefficients (MUC) and alternative model forecast (AMF) methods. As
discussed in the introduction, the two new methods (MUC and AMF) are only new in
their application to OLG models. They have been widely used in the DSGE literature
with infinitely lived agents. Because the MUC and AMF solution methods represent
approximations of some dimension of the benchmark TPI method, we compare the
MUC and AMF methods to the benchmark TPI method in terms of both speed and

accuracy.

3.1 Benchmark: Time-path iteration

The most common method of solving for non-steady-state equilibrium time path for
the capital distribution in OLG models is finding a fixed point for the time-path of the
distribution of capital for each possible initial state of the distribution of capital. This
solution method is detailed for the perfect foresight case in Auerbach and Kotlikoff
(1987, ch. 4) and for the stochastic case in Nishiyama and Smetters (2007, Appendix
IT). The idea is that the economy is infinitely lived, although the agents that make
up the economy are not. So rather than recursively solving for equilibrium policy
functions by iterating on individual value functions, one must recursively solve for
the policy functions by iterating on the entire time path of the endogenous objects in
the economy (see Stokey and Lucas (1989, ch. 17)).

The key assumption is that the economy will reach the steady state equilibrium b

11



in a finite number of periods T" < oo regardless of the initial state by. The first step
is to assume a time path for aggregate capital K° = {K? K9 ...K%} such that T is
sufficiently large to ensure that by = b and K% = K. The superscript 0 is an index
for the iteration number. This time path for aggregate capital determines the time
path for both the real wage w® = {w{,w),...w%} and the real return on investment
r0 = {r% r), ..r%}. The exact initial distribution of capital in the first period b; =
{b21,b31,...bs1} can be arbitrarily chosen as long as it satisfies K7 = 2;12 %bs,l
according to market clearing condition (2.16). One could also first choose the initial
distribution of capital by = {ba1,b31,...bs1} and then choose an initial aggregate
capital stock K¢ that corresponds to that distribution. As mentioned earlier, the
only other restriction on the initial time path for aggregate capital is that it equal
the steady state level K% = K = Zf:z %BS by period 7. But the aggregate capital
stocks for periods 1 < ¢t < T can be any level.

Given the initial capital distribution by = {ba 1,31, ...bg1} and the time paths of
aggregate capital K = {KY, K, ... K%}, the real wage w® = {w?, w3, ... w3}, and the
real return to investment v = {r? r9 ...r%} one can solve for the optimal level of

savings by the S—1-aged agent for the last period of his life bg 5 using his intertemporal

Euler equation:
[(1 + 7‘?) bs_11 +wing_, — 65,2] =5 (1 + Tg) [(1 + Tg) bs2 + wgns} 7 (3.0)

Because ¥, w? and bg_1; were decided by the choice of initial state and because 79
and w§ were assumed, bg s is the savings value that makes (3.1) hold.
The final two savings decisions of the S — 2-aged household in period 1, bg_; 2 and

bs s, are characterized by the following two intertemporal Euler equations.

[(1+79) bg_oq +uing_o —bs_12] " =B (1+7r9) [(L+79) bs_12 + wyng_1 — bss]
7=8

[(1+79) bs—12 + wins_1 — bss] (L+79) [(1+79) bss +wins] °

(3.2)
You continue solving for the lifetime savings decisions of each household alive in period

12



1 until you solve for the lifetime savings decisions of the one-period-old household in
period 1. These S — 1 savings decisions are characterized by the following S — 1

equations.

[w?nl — bos] =01+ [(1+ r9) by + wing — b 3] -
T=p

[(1+79) boo +wing — bsz] (1+78) [(1+79) bss + wing — bya] *

[(1 + 7"%71) bgflysfl + wgflng,l — bsﬂg} 7= ﬁ (1 + Tg) [(1 + Tg) bS,S + wgns] -7
(3.3)

Once you have solved for all the remaining lifetime savings decisions of each house-
hold alive in period 1, you have solved for the complete set of savings decisions in
the period-2 savings distribution by = {by2,b32,...bs2}. Using this newly computed
period-2 savings distribution, we can calculate a new aggregate capital stock for pe-
riod 2 using (2.16) KY = S5 £bs2. This, in turn, generates new period-2 values for
wY and rY.

A new period-3 aggregate capital stock Kgl is found in the same way by solving
the system of S — 1 equations similar to (3.3) for S — 1 savings rates over the life
cycle of the household born in period 2. This process, illustrated in Figure 2 for the
S = 3 case, is repeated until new values have been generated for K% |, wY._,, and
r9_,. Recall that the time-T values of the time paths were constrained to equal their
steady state values.

Once the entire new time path of aggregate capital K is calculated, a new time
path is assumed that is a convex combination (a contraction) of the initially assumed

time path K° and the newly calculated time path K.
K'=~7K" + (1 —7)K° ¥Y~e(0,1) (3.4)

The process of calculating new values for the time path of aggregate capital K is
repeated, and the convex combination of the initial time path K! and the newly

calculated time path K form a new time path of capital K2. For any integer u > 0,

13



Figure 2: Time path iteration diagram: S = 3
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the next guess for a time path of aggregate capital K“*! is given by the following
equation.

K" — 4K 4 (1= )K" Yu>0, e (0,1) (3.5)

The equilibrium time path of the distribution of capital {b*}]_, given the initial
distribution of capital b; and the steady state distribution of capital by = b is
the time path of the distribution of capital that is consistent with the time path of
the level of aggregate capital K*. This equilibrium distribution of capital is found
when the calculated time path of aggregate capital K* is arbitrarily close to the
assumed time path of aggregate capital K". Each distribution of capital b} and the
corresponding time-t allocations and prices in the computed equilibrium time path

{b;f}tT:1 represents a non-steady-state equilibrium as defined in Definition 2.

Definition 3 (Time path iteration (TPI) equilibrium time path of the distri-
bution of capital). Given some initial distribution of capital by = {b21,b31,...b51},
a steady-state distribution of capital arrived at after T periods by = {1_72, bs, ...1_75} the
equilibrium time path of the distribution of capital {bf}tT:1 is defined as the distri-
bution of capital for which the calculated level of aggregate capital K is arbitrarily
close to the initial guess for the time path of aggregate capital K.

(b} = b 0 — K| <

where | - | is a general distance metric and ¢ is a positive number arbitrarily close to
zero. Bach distribution of capital by in the equilibrium time path {bj}thl represents
a non-steady-state equilibrium distribution of capital according to Definition 2 for
the given state b;_; in the previous period.

The equilibrium non-steady-state distributions of capital defined in Definition 3
imply the beliefs I'(-) required by Definition 2 because |K* — K"| < ¢ implies that
each household can correctly forecast the other household’s decisions by, = I'* (by).
The policy functions for the entire state space can be computed by solving for the

equilibrium time paths {b?}/_, for all possible initial distributions of capital b .

15



3.2 Linearization: Method of undetermined coefficients

The method of undetermined coefficients (MUC) for solving dynamic general equi-
librium models has been standardized by Christiano (2002). However, this method
has not been employed in solving for non-stationary transition path equilibria in
OLG models. MUC leverages the linearity of the policy functions that result from
linearized Euler equations in order to simplify the computation required. In effect,
equilibria solved by MUC require only the period-t Euler equations for all households
alive in period-t in order to solve for the policy functions b,;; = I' (b;) = Ab, + C,
whereas the benchmark TPI method from Section 3.1 requires all the remaining Euler
equations for each household alive in period t.

The general period-t intertemporal Euler equation for an age-s household rewrit-

ten in g(x) = 0 form is the following.

[(1 + Tt) bs,t -+ WM — b5+1’t+1} - (36>

B (14 ry) [(1 + rig1) bsr1441 + Wip1Msy1 — bs+2,t+2} =0

A first order Taylor series approximation of the intertemporal Euler equation around
the steady state takes the form g(x) ~ ¢(z) + ¢'(Z)Z& where = (x — z)/Z. Applied

0 (3.6), the first order Taylor series approximation around the steady state is:

(és)ﬂ7 - ﬁ (1 + ’F) (Es-i-l)_J - 0_(1 + f)(és)_a_ll;sl;&t + ..

lo(cs) "+ oB(1+ F)2(Es+1)_a_1}Es—&-lgs—l—l,t—&—l —B(1+7) (Es+1)_a_155+265+2,t+2 =0
(3.7)

Equation (3.7) is a second order linear difference equation in IA)S’t, 38+1,t+1, and IA)SJFZ,HQ,
where lA)S’t = ( st — b ) /bs.

The linearized Euler equations of all households alive at period ¢ are given by the

16



following S — 1 equations.

7 (G) "+ B+ 7)2(€3) 7 bgprr — B+ 7)(E) " Mbayge =0 (3.8)

The system of equations (3.8) can be rewritten in matrix notation as
Xb, + Yby i + Zb,,» = K (3.9)

where X, Y, and Z, are (S — 1) x (S — 1) dimension matrices, and by, Bri1, bryo and
K are (S — 1) x 1 dimension vectors.
The method of undetermined coefficients assumes that the policy function for

savings in each period is a linear function of the state
Bt+1 - ABt + C Vt (310)

where A is a constant (S—1)x (S—1) dimension matrix and C is a constant (S—1)x 1
dimension vector. Substituting (3.10) into (3.9) for by reduced (3.9) to a system
of S — 1 first order linear difference equations. Solving those equations for f)t+1 as a

function of by gives the following form to the linear system of S — 1 policy functions.
b1 = (Y +ZA) " (=X)b; + (Y + ZA) Y (K — ZC) Vi (3.11)

The assumed form of the linear policy function (3.10) and the coefficient on by in
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(3.11) imply the following expression for A.
A= (Y +ZA) ' (-X) (3.12)

Because A appears on both sides of (3.12) and is not separable on the right-hand-side,
Christiano (2002, section 3.1) shows how to solve for A decomposing the right-hand-
side of (3.12) into its eigenvector-eigenvalue decomposition. Once the solution for A

is found, C can be solved analytically.
C=[1+(Y+ZA)'Z] (Y +ZA)'K (3.13)

where I'is an (S — 1) x (S — 1) dimension identity matrix.

With solutions for A and C in (3.10), the method of undetermined coefficients
allows one to compute the distribution of savings tomorrow b, simply from the state
today b, using only the S—1 period-t intertemporal Euler equations for the households
alive at period-t. Contrast this with the benchmark TPI method from Section 3.1
which required solving the entire series of remaining intertemporal Euler equations for
each individual alive at time ¢. Each distribution of capital by, calculated from (3.10)
and the corresponding time-t allocations and prices in the computed equilibrium time

path {bt}thl represents a non-steady-state equilibrium as defined in Definition 2.

Definition 4 (Method of undetermined coefficients (MUC) equilibrium
time path of the distribution of capital). Given some initial distribution of
capital by = {by1,b31,...bs1}, the equilibrium time path of the distribution of cap-
ital {bt}thl is defined as the distribution of capital resulting from the linear policy
function

Bt+1 - Af)t + C Vt

where b, = (b, —b)/b and A and C are calculated using the method of undetermined
coefficients described in Section 3.2 and in Christiano (2002). Each distribution of
capital b; in the equilibrium time path {bt}tT:1 represents a non-steady-state equilib-
rium distribution of capital according to Definition 2 for the given state b;_; at time
t.

The major difference between the benchmark TPI method for computing the non-
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steady-state equilibrium time path for the distribution of capital from Definition 3
and the MUC method from Definition 4 is that the equilibrium time path from the
MUC method can be computed period by period with just one run through the sample
time period to time 7. Additionally, the computation of each period’s distribution
only requires using S — 1 intertemporal Euler equations. In contrast, each period’s
distribution in the TPI method requires 3.°~'(S — s) unknowns and intertemporal
Euler equations, and the entire time path of T distributions must be repeatedly
computed until the assumed aggregate capital time path has converged.

Although the MUC method for computing the non-steady-state equilibrium time
path of the distribution of capital is must faster than the benchmark TPI method, it
also comes at a cost. The linearization of the intertemporal Euler equations around
their steady state in (3.7) is an imperfect approximation of the true nonlinear rela-

tionship expressed in the original Euler equations from (3.6).

3.3 Relax rational expectations: Alternate model forecast

Our final method of solving for the non-steady state equilibrium time paths in OLG
life cycle models is to use alternate model forecasts (AMF). This method can be
thought of as relaxing the rational expectations requirement from parts (i) and (ii) of
Definition 2 that each agent knows the policy function of all other agents. Instead, we
make a weaker assumption that agents us some general alternative model to forecast
in each period the time path of the aggregate capital stock {KTJ: s wih ! j:t for the
remaining periods of their lives. This forecasted series is then updated each period
when the value of the capital stock next period is realized.

Let Q(-) represent the general form of the alternative model each agent uses to

forecast the time paths of the aggregate capital stock th 15, Teal wage w{ 1, and real

rental rate 7{ +, which are functions of the distribution of capital b, at time ¢. Then
let the forecast for the aggregate capital stock be generated by the following general

alternative model:

KL, =Q(K) = KL, =0(K) st limQ(K)=K (3.14)

§—00
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where wic 4+, and 7’[ 4, are just functions of th +s- The only condition that must be

imposed on the alternative model is that the forecasts must go to the steady state
in the limit lim,_ Q°(K;) = K. With {K],w{,r{ i:t, each agent can choose their
savings for the next period by, as well as planned savings levels b7, , for the remaining
periods of life given the forecasted time path of the aggregate variables in the same
way as described in equations (3.1) through (3.3) in Section 3.1.

At the end of period t, the distribution of capital for the next period b;;; has
been decided and implies an aggregate capital stock that is not equal to the fore-
casted capital stock K;1 (byy1) # th 41, in general. With the new aggregate capital
stock K1, each agent repeats the process of forecasting the future values of the
aggregate variables using the alternate model (-) until the time path reaches the
steady state in period 7. Each distribution of capital by, calculated using the al-
ternative model method from (3.14) and the corresponding time-t allocations and

prices in the computed equilibrium time path {bt}tT:1 represents an alternative model

forecast non-steady-state equilibrium.

Definition 5 (Alternative model forecast (AMF) equilibrium time path
of the distribution of capital). Given some initial distribution of capital b; =
{b21,b31,...bg1} and a steady-state distribution of capital arrived at after T" periods
by = { by, bs, ...BS}, the alternative model forecast AMF equilibrium time path of the
distribution of capital {b} }thl is defined as the individual distributions of capital by,
calculated by forecasting future aggregate variables using the alternative forecasting
model €(+) specified in equation (3.14) that is specified as follows:

KL, =Q(K) = KL, =0(K) st li;mQ(K)=K

§—00

Each individual distribution of capital is calculated using the remaining life forecasts
of aggregate variables K/ ', according to equations (3.1) through (3.3).

3.4 Simple version comparison of solution methods

Given that each alternative method (MUC and AMF) is an approximation and sim-

plification of the benchmark TPI method along some dimension, the goal of this
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paper is to answer the question of how fast each alternative method is in computing
the non-steady state equilibrium and how close each alternative method comes to
the benchmark TPI method in accuracy. The benchmark time path iteration (TPI)
method from Section 3.1 for computing the non-steady state equilibrium time path
of the distribution of capital is the exact rational expectations equilibrium concept.
Our two alternative methods for computing non-steady state equilibrium time paths
approximate the benchmark method along some dimension. The method of undeter-
mined coefficient (MUC) method from Section 3.2 takes a linear approximation of the
intertemporal Euler equations (3.7) around the steady state. This greatly simplifies
the solution method for the linear policy functions. In contrast, the alternative model
forecast (AMF) method from Section 3.3 approximates the benchmark TPI method
by using the alternative model () to forecast future aggregate variables rather than
the TPI method’s rational expectations law of motion operator I'(-).

In this section, we calibrate the simple model we developed in Section 2 and
compute the non-steady state time paths of the distribution of capital using the three
methods described in Sections 3.1, 3.2, and 3.3. The number of periods an individual
lives is S = 30, which corresponds to a period being equal to about 1.8 years if an
individual’s working life begins at age 20 and then dies at age 75 on average. We
assume that individuals work for 80 percent of their lives (24 periods) and are retired
for the final 20 percent of their lives on average. We normalize individual’s inelastic
labor supply in each period before retirement equal to n,;, = 1 for 1 < s < 24 and
ngy = 0 for s > 25. In the utility function, we set the discount factor to 8 = 0.94,
which is approximately a discount factor of 0.96 per year. We set a coefficient of
relative risk aversion of ¢ = 2. In the firm production function, we set the Cobb-
Douglas factor share of capital @ = 0.35 and we set the productivity parameter A = 1.

Lastly, for the alternative model forecast (AMF) method, we chose to use a naive
model for Q(-) in order to demonstrate a lower bound for proximity to our benchmark
TPI time path. We assumed that agents forecast the next period’s real wage rate

w1 and real return on capital 7,11 to be a convex combination of the current period’s

21



value and the steady state value:

wlyy = exp(plog(un) + (1~ p) log(w))
(3.15)

rl.s = exp(plog(r) + (1= p) log(7))

where p = 0.43. Note that this naive forecasting model satisfies the required condition
that lim,_.., Q°(z;) = & for the generic variable x;.

Using these calibrated settings and the naive AMF model, we computed the non-
steady state equilibrium time paths for the distribution of capital using the TPI,
MUC, and AMF methods from Sections 3.1, 3.2, and 3.3. Table 1 lists the com-
putation times of the three methods, and Figure 3 shows the respective computed

equilibrium time paths.

Table 1: Computation times for
TPI, MUC, and AMF
methods

Method TPI MUC AMF
Speed (seconds) 6.2 1.0 15.1

In this simple model, the method of undetermined coefficients dominates the
benchmark TPI and the alternative model forecast AMF computation methods in
terms of speed. The linearization provided by MUC simplifies the computation in
two main ways, First, the linear solution method is easier to compute than the non-
linear solutions of TPI and AMF. However, the most important simplification is that
the time path of aggregate capital does not have to be iteratively recalculated as in
the TPI method or sequentially recalculated in the AMF method. Taken together,
these two simplifications of the MUC method make it the fastest at calculating the
non-steady state equilibrium time path for the distribution of capital.

Somewhat surprising is that the AMF method performed as poorly as it did along
the computation speed dimension. The reason it was slower than the benchmark TPI
method is that the TPI method converged quickly to the fixed point in the time path
of aggregate capital. The AMF method had to calculate a new time path of aggregate
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Figure 3: Time paths of aggregate capital stock K under TPI, MUC, AMF
computation methods: S = 30
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capital (real wage and real return) sequentially for the entire 7" periods. So if the
iterations to convergence in the TPI method are much smaller than the number of
periods T the computation must sequentially calculate in the AMF method, then the
TPI method will be faster. This result is dependent on the simple model we used in
this section to illustrate the solution methods. However, in Section 4 we will show
that the AMF method becomes more efficient when the degree of heterogeneity and
uncertainty are increased in the model.

As important as the speed required for the different solution methods to calculate
the time paths is the accuracy of each method measured as deviation from the bench-

mark rational expectations TPI solution. Figure 3 shows the computed non-steady
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state equilibrium time paths from the benchmark TPI, MUC, and AMF methods.
An encouraging result is that the MUC method comes so close to the benchmark TPI
method in this simple model. Also of interest is how close our AMF method comes
to the TPI method given the naiveté of our forecast model from (3.15). Some type of
more highly specified alternative model would likely move the AMF-computed time
path closer to the benchmark TPI time path.

4 Comparison Using Big Stochastic Model

We are currently working on performing the same comparison among the TPI, MUC,
and AMF computation methods as in Section 3.4 on a bigger model that has more
heterogeneity and uncertainty. We are currently trying to do this with the model in

Nishiyama and Smetters (2007).

5 Conclusion
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APPENDIX
A-1 Proofs

Proof of Proposition 1: Existence and Uniqueness of Steady State. See Stokey
and Lucas (1989, ch. 17) and Li and Lin (2008). O
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TECHNICAL APPENDIX

T-1 Derivation of the Lifetime Budget Constraint

The lifetime budget constraint in year of life s = S is simply the per-period budget
constraint in (2.4).

(14 7) bsy +wingy > csp for s=9 (T.1.1)

Iterating one period backward, the lifetime budget constraint for year of life s = S —1
is characterized by the following two equations.

(1 + 7’75) bs,t + wtn&t 2 Cs,t + bs+1.t+1 fOI' S = S -1 (T12)

(14 7441) bsg1p41 + W1 Nsg1,641 = Copipr1 for s=S5 (T.1.3)

Solving (T.1.3) for bsi1441 and substituting the expression into (T.1.2) gives the
following lifetime budget constraint for year of life s =S — 1.

1
L+ 7

(14 7¢) bsy + wing + ( ) Wi g1 Mg 1,141 = oo

(T.1.4)

1
Cst + Cs for s=5-1
it (1 n Tt+1> +1,t+1

Iterating one more period backward, the lifetime budget constraint for year of life
s = S — 2 is characterized by the following two equations,

(1 -+ Tt) bs,t -+ WeNs ¢ Z Cst -+ b5+1.t+1 for s=5-2 (T15)
1
(14 7441) bsga441 + Wer1Nsp1 441 + (1 e ) Wiy2Nsq 2,142 = oo
X i (T.1.6)
Cs + Cs for s=5-1
141 <1 n Tt+2> 12,642

where (T.1.6) is the lifetime budget constraint for year of life s = S — 1 when that
year occurs in period t+1. Solving (T.1.6) for bs11 .41 and substituting the expression
into (T.1.5) gives the following lifetime budget constraint for year of life s = S — 2.

1
L+ 7

1 1
Wis9Mg > ..
() () v

1
Cst T+ Cs + ...
it (1 + Tt+1> +1,t+1

1 1
Cs for s=85-2
(1+7‘t+1> <1+7’t+2> e
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By induction, the lifetime budget constraints for the years of life 2 < s < § and
s = 1, respectively, are given by the following equations.

S—s S—s
(]_ + Tt) bsﬂg + Z dt+uwt+uns+u7t+u Z Z dt+ucs+u,t+u for 2 S S S S (TlS)
u=0 u=0
S—1 5-1
Z dt+uwt+uns+u,t+u > Z dt+ucs+u,t+u for s=1 (T19>
u=0 u=0
where
1 if u=0
dt—l—u - { u 1 . (T].].O)
| T if 1<u<§
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T-2 Example: Two-period lived agents S =2

In the two-period lived agent case S = 2, consumption in the last period of life s = 2
is given in (2.9) and represented below.

Cot = (1 + ’f’t> bg,t + wino Vit (T21)

When S = 2, households only have one savings decision by ;1 at the end of the first
period of life. So the choice of savings by;1; in the first period of live is determined
by the intertemporal Euler equation in (2.11) and is represented below in its S = 2
version,

(CLt)_G = ﬁ (1 -+ 7"t+1) (Cg7t+1)_g for WVt (T22)

where the expectations operator is not present in (T.2.2) because all the components
of ¢;; are known at time ¢ and all the components of the right-hand-side of are all
endogenous or known.

Substituting the s = 2 solution from (T.2.1) into the right-hand-side of (T.2.2)
and substituting the s = 1 constraint from (2.2) into the left-hand-side of (T1.2.2)
gives the following characterization of the optimal savings level by ;.

(wtnl,t — bg,lurl)_a = 6 (1 + Tt+1) [(1 + T’t+1) bQ’t+1 + ’wt+1n27t+1]_0 fOI' Vt (T23)

Because the labor endowment is supplied inelastically ny; = n, (??) implies that
aggregate employment is the following.

Ny=n Wt (T.2.4)

And because households only save during one period of their lives by 1, (?7) implies
that the aggregate capital level is the following.

1

Kt:2

bay V1 (T.2.5)

The production function (2.12) and the two first order conditions of the firm
(2.13) and (2.14), combined with (T.2.4) and (T.2.5), show that the real wage w; is
simply a function of the savings by the previous generation in the previous period
bys. These equations also show that the rental rate on capital and the real wage in
the next period 7,7 and w;,; are simply functions of the endogenous savings rate of
the current period households by 4.

w=-a) () (126

20
on \ ¢
= o ( ) (T.2.7)
ba 41
b (07
Wiy = (1 — ) < 2;;) (T.2.8)

29



So the optimal level of savings in each period by;1; can now be expressed as a
function of the state, which is the savings from the previous period by, by solving
the following version of the intertemporal Euler equation for by ¢41.

[(1 —a) (%)a (7)) — bml} L
)

2 l-a b e . -
I+« ( ) ] bair1 + (1 — ) (ﬂ) (ﬁ)l >
bt 41 2

(T.2.9)
Equation (T.2.9) has no general analytical solution and must be solved numerically,
even in the log utility case in which o = 1.

g

Figure 4: Savings Policy Function by y1(bat): S =2
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Figure 4 illustrates the policy function for by ;11 as a function of the state by ;. The
numerical solution was calculated setting 6 = 0.6, c =2, A=1, a =0.35, n = 1,
and the state space ba; € [0.001,0.04].* The red line is the 45-degree line, and the

4The MatLab code for this numerical solution is available upon request.
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point at which the policy function crosses the 45-degree line is the stable steady state
of b=0.013.

The intuition of the policy function for individual savings by ;41 is that the current
period real wage w; is an increasing function of last period’s savings bs;. Thus,
when last period’s savings is high, the wage rate is high, and higher current period
wages reduce the incentive to save. The opposite argument also holds that when last
period’s savings are low, wages are lower and the lower wages are compensated for
by increased savings.
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T-3 Example: Three-period lived agents S =3

In the case of the S = 3 model, the aggregate capital and labor equations analogous
to (??7) and (?7?) take the following form.

3

1
No=) Shar =7Vt (T.3.1)
s=1
° 1
K=Y Sbss Vit (T.3.2)
s=2

The production function (2.12) and the two first order conditions of the firm (2.13)
and (2.14), combined with (T.3.1) and (T.3.2), show that the real wage w; is simply
a function of the savings by the previous two generations in the previous period by,
and bs ;. These equations also show that the rental rate on capital and the real wage
in the next period 7,1 and w1 are simply functions of the endogenous savings rate
of the current period new households (s = 1) and the current period middle aged
households (s = 2) by ;41 and bg 4.

wy = (1 — ) (M) (T.3.3)

-«
n
= —— (T.3.4)
(Zi:z %bs,t>

3 1 @
1p,
w1 = (1 — ) <—ZS_2_3 7t+1>

n
_ -«
n
P = | —————— (T.3.6)
(Zizg %bs,t-i-l)

As in (2.9), consumption in the last period of life ¢z, is the following expression,

N

(T.3.5)

C3t = (1 + Tt) bg,t + WN3 ¢ Vi (T37)

and is simply a function of the savings of that household in the previous period b3,
and the savings of the previous generation household in the previous period by ;.

11—« 3 e
_ 1 .
C3t = 1 + o (ﬁ) b3’t -+ (1 - O() (Z gb&t) (T_Z)l Vt (T38)
3Us,t

s=2 3

There is no choice to be made in the last period of life. Households simply consume
their income which depends only on savings decisions made in the previous period
bgﬂg and bgyt.

cspr = C34 (bay, b3e) st (T.3.7) holds (T.3.9)
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When s = 2, the two-period-old household takes as given the real rental rate
r; and the real wage rate w, in that period and chooses how much to consume cy;
and how much to save for the next period bs;;1. The decision is governed by the
intertemporal Euler equation (2.11) and takes the following form.

(co0) " =B (1 +141) (c341) 7Vt (T.3.10)

From (7T.3.9), c3441 is simply a function of the two-period-old household’s savings
decision in the current period bs;+; and the current-period savings decision of the
one-period-old household b, +41. Substituting the solution for consumption in the last
period of life ¢34 from (T.3.7) into the right-hand-side of (T.3.10) and substituting
the per-period budget constraint from (2.3) into the left-hand-side of (T.3.10) gives
the following expression.

(14 7r¢) bay + wings — b3gia] 7 = ...

B (T.3.11)
B+ 1) (14 re1) D31 + Wep1n 441 Vi

From (T.3.3) and (T.3.4), w; and r; on the left-hand-side of (T.3.11) are functions
of the state, which consists of the two-period-old household’s savings from the last
period by, and the savings of the three-period-old household from the last period bs ;.
From (T.3.8), the right-hand-side of (T.3.11) is simply a function of the endogenous
savings choice bs;41 and beliefs about what the one-period-old generation will save
for next period by ;4. I assume a symmetric equilibrium among households in that all
households of any generation s in any period ¢ have the same savings policy function
for that period of life.

bsi1(-) = bss(-) Vst (T.3.12)

Now, given that two-period-old households know the savings policy function of the
one-period-old households by ;11(+) as a function of the state, the choice of savings in
the second period of life b3, is simply a function of the state by, and bs.

b3’t+1 = b37t+1 (bg’t, b3’t) s.t. (T?)]_l) holds (T313)

Using the per-period budget constraint (2.3) and the policy function for savings in
the second period of life (T.3.13) the policy function for consumption in the second
period of life co; can be written as a function of the state.

Cor = Coy (bay,b3e) st (2.3) and (T.3.7) hold (T.3.14)

The last step is the first-period-of-life savings decision by ;41 which is governed by
the intertemporal Euler equation (2.11) which takes the following form,

(c10) " =B (1 +1141) (couq1) "Vt (T.3.15)

From (T.3.14), co 441 is simply a function of the two-period-old household’s savings
decision in the current period b3;+; and the current-period savings decision of the
one-period-old household bg;i1. In turn, (T.3.13) and the symmetric equilibrium
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assumption in (T.3.12) show that by,.; and bs;yq are also simply functions of the
state byy and bs;. Substituting the policy function for consumption in the second
period of life ¢o 441 from (T.3.14) into the right-hand-side of (T.3.10) and substituting
the per-period budget constraint from (2.2) into the left-hand-side of (T.3.10) gives
the following expression.

(wtnl,t - bQ,tJrl)ic7 =f (1 + 7“t+1) [027t+1 (bQ,t+1> bs,t+1)]7a Vi (T-3-16)

Everything on the right-hand-side of (T.3.16) is a function of the choice variable
ba+41 and two-period old household’s savings decision b3;1. The symmetric equi-
librium assumption from (T.3.12) implies that if a household knows its own policy
function for savings in the second period of life bs 1 (bay, b3 ), then it knows the pol-
icy function of other generation households for savings in the second period of their
lives b3 y+1 (bou, bs.) for all u # t. Thus, the one-period-old household knows that
the two-period-old household’s savings decision will be a known function of the state
bsit1 = bgiy1 (bay, b3y). Everything on the left-hand-side of (T.3.16), apart from the
choice variable by 441, is also a function of the state. Therefore, the policy function
for by ;41 can be written as a function of the state.

b27t+1 = b2,t+1 (b27t, b37t) s.t. (T316) holds (T317)

Using the per-period budget constraint (2.2) and the policy function for savings in
the first period of life (T.3.17) the policy function for consumption in the first period
of life ¢;; can be written as a function of the state.

Cit = C1yt (b27t, bS,t) S.t. (22) and (TSlG) hold (T318)

T-3.1 Distribution of capital time path fixed point solution

The most common method of solving for the savings policy functions as functions of
the state by, (b;—1) and bs, (bi—1) is by finding a fixed point for the time-path of the
distribution of capital for each possible initial state of the distribution of capital.

The first step is to assume a time path for aggregate capital K° = { K¥, K, ...K%}.
This time path for aggregate capital determines the time path for both the real wage
w? = {w? wl,..wd} and the real return on investment r® = {r9 r9 .72}, The
exact initial distribution of capital in the first period b; = {b21, b31} such that K V=
SO, 5bs1 according to (T.3.2). One could also first choose the initial distribution
of capital by = {by1,b31} and then choose an initial aggregate capital stock KV that
corresponds to that distribution. But the aggregate capital stocks for periods ¢ > 1
can be any level.

Given the initial capital distribution b; = {b91, b3} and the time paths of aggre-
gate capital K° = {K}, K3, ...K2%}, the real wage w" = {w{,w), .. w2}, and the real
return to investment r° = {r? r9,...r%} one can solve for the optimal level of savings
by the two-period-old agent for the third period of his life b3 » using his intertemporal

Euler equation:

[(1 + 7“(1)) b2,1 + w?n271 — 53,2} = I} (1 + 7“3) [(1 + 7"8) 63,2 + wgn3,2} - (T319)

34



Because Y, w) and by ; were decided by the choice of initial state and because ) and

w3 were assumed, bs 5 is the savings value that makes (T.3.19) hold.
The values for the one-period-old agent’s savings in period 1 for the next period
of life by 5 as well as his savings in period 2 for the last period of life b3 3 are solved

for jointly using his two intertemporal Euler equations:

[

[w?nm — 62’2} - = 6 (1 + Tg) [(1 + T’g) b272 + wgng’g - b373] B (T320)
[(1+79) boo +winos —bss] " =B (14+1r3) [(1+73) bys +winss] ~  (T.3.21)

Because w? was decided by the choice of initial state and because 79, 9, w9, and
1 20 '3 29

w§ were assumed, by and bs 3 are the levels of savings that make both (T.3.20) and
(T.3.21) hold.

With optimal solutions for by 5 and b3 o given the assumed time paths of capital
K° the real wage w’, the return on investment r°, and the initial distribution of
capital by = {ba1,b31}, a new period-2 level of aggregate capital KY = Zi:g %bs,g
can be calculated. This will also give a new period-2 real wage w9 and real return on
investment 79 . In general, the value of the new calculated period-2 level of aggregate
capital is not equal to the assumed period-2 level of capital KY # KJ.

Iterating one period forward, by 3 and bs4 are found using the one-period-ahead
versions of (T.3.20) and (T.3.21) given the new K9, w3, and ) and the rest of
the originally assumed time path of KY. In like manner, the optimally chosen by 3
and b33 give a new period-3 aggregate capital level Kgl. This process is repeated
until new values for the entire time path of aggregate capital are calculated K9 =
{KY, KV, KY,..K%}.

Once the new time path of aggregate capital K is calculated, a new time path
is assumed that is a convex combination (a contraction) of the initially assumed time
path K° and the newly calculated time path K.

K'=~K" + (1 —-~)K° VY~e(0,1) (T.3.22)

The process of calculating new values for the time path of aggregate capital KV
is repeated, and the convex combination of the initial time path K*! and the newly
calculated time path K form a new time path of capital 2. For any positive integer
s, the next guess for a time path of aggregate capital K**! is given by the following
equation.

K =AKY + (1—~)K* VYs>1,v€(0,1) (T.3.23)

We define the equilibrium time path of the distribution of capital b as the distri-
bution of capital that is consistent with the time path of the level of aggregate capital
K?. This equilibrium distribution of capital is found when the calculated time path

of aggregate capital K is very close to the assumed time path of aggregate capital
K*.

Definition 6 (Equilibrium time path of the distribution of capital). Given
some initial distribution of capital by = {ba 1,31}, the equilibrium time path of the
distribution of capital b* (by 1, b31) is defined as the distribution of capital for which
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the calculated level of aggregate capital K* is arbitrarily close to the initial guess for
the time path of aggregate capital K*.

b* (bgyl,b&l) = 6(6271,[)371) . )KS, — K| <e

where ¢ is a number arbitrarily close to zero.

T-3.2 Backward induction solution from steady state

Another method for solving this system is by using backward induction from the
steady state distribution of capital b = {bg, bg}. The steady state capital distribution
b is defined as follows.

Definition 7 (Definition of steady state distribution of capital in 3-peri-
od-lived agents model). The steady state distribution of capital b is a distribution
of capital by = {bay, b3} such that b,y = b;. This implies that in the steady state
distribution of capital, b ;41 = bs; for all s and ¢.

B =b: bt+1 =b Vt = bs,tJrl = bs,t Vs,t

Using Definition 7 and (T.3.13) and (T.3.17) gives two equations and two unknowns
that characterize the steady state savings rates by and b3.

[@ns = Bs) 7= B(1+7) [(1+7) by + By — b]

) b2 v ) (T.3.24)
[(1+7) by +my — by] 7 = B(1+7) [(1+7) by +wng] *

Notice that the real wage and the real return on investment have steady state
values, w and 7 respectively, because (T.3.3) and (T.3.4) show that they are both
simply functions of the distribution of capital b;. The following proposition states
that there exists a unique steady state capital distribution b such that (T.3.24) holds.

Proposition 1 (Existence and Uniqueness of Steady State Distribution of
Capital). Given the structure of the model characterized in equations (T.3.1) through
(T.3.24), there exists a unique steady state distribution of capital b = {l_)g, 1_73} such
that the system of S — 1 equations in (T.3.24) holds.

Proof. See Appendix A-1. n

With steady state savings decisions by and bs (and therefore, steady state aggre-
gate capital K) characterized in Proposition 1, the entire policy functions for by,
and bs ;4o are found by iterating backward, period by period, from the steady state.
Assume that the economy reaches the steady state in period ¢ = T'. Then by, = by,
byt = bs as described in Proposition 1, and K, = K for all t > T. Let the savings
decisions in period 7' — 2 be small deviations from the steady state savings decisions
byr_o = by 4 €5 and b3 r_o = bs + €3.
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The savings decisions of the one-period-old and the two-period-old agents in period
T — 1, respectively, are given by the following two intertemporal Euler equations in
which the state of the distribution of capital is given by by o5 = b+ €.

[wr_ony o —bor_1] " =B (1 +rr_y) [(1 +rp_1) bor_1 + Wp_1nop_1 — 53] -
(T.3.25)

(14 77r—2)bor—o+wr_onor—o—bsr_1] " =01 +rr_1) [(1+rr_1)bsr—1 +wr_ingr_1] °
(T.3.26)

Given the state in period 7' — 2 of the distribution of capital by_y = b+¢ and that the
economy reaches the steady state distribution of capital b in period T, the problem of
the one-period-old agent in period 7' — 2 is to choose by 71 to maximize (T.3.25) for
any given savings choice of the two-period-old agent bs_;. And the two-period-old
agent’s problem is to choose bsr_; to maximize (T.3.26), given the state b and for
any given savings choice of the one-period-old agent by 7—;. This dependence of the
optimal savings choice of both agents on the choice of the other agents gives rise to
the need for a definition of a per period Nash equilibrium.

Definition 8 (Backward induction per-period Nash equilibrium in 3-peri-
od-lived agents model). Let b;_; be the known state of the distribution of capital
in period t — 1, and let b;;; be the known state of the distribution of capital in pe-
riod t + 1. Let by, (bs;) be the choice of by; that maximizes the intertemporal Euler
equation,

[wi—1n1 -1 —boy] 7 = B (14 1) [(1+7¢) bay + winoy — byia]

given the two-period-old agent’s choice of savings bs;. And let b3, (bo;) be the choice
of bs; that maximizes the intertemporal Euler equation,

(14 7ri—1) bos—1 +wi—inos—1 — bss] " =B (L4 1) [(1+7r¢) bss + winge] 7

given the one-period-old agent’s choice of savings by;. Then a per-period Nash equi-
librium to the backward induction solution in the 3-period-lived agents model is the
intersection of the best response functions by (b3:) = b3t (bayt).

The entire policy functions for by, (b;—1) and bs; (b:—1) as functions of the state
b;_1 are found by solving for the per-period Nash equilibrium solutions for period
T — 1 savings given period T — 2 capital distributions in the e-neighborhood of the
steady state by_o = b+4¢. Once the per-period Nash equilibrium solution is found for
the distribution of capital in period T' — 1, the period T" — 2 distribution of capital
can be found by iterating the problem backward in time one period, letting the state
of the distribution of capital in period T — 3 be an epsilon ball around the state used
previously bs r_3 = b+ ¢ + ¢, and solving for the per-period Nash equilibrium 7" — 2
distribution of capital given the known solution for period T'— 1. The policy function
is solved by backward induction over the entire S — 1 dimensional state.’

5Note that this solution method is based on the assumption that all savings rates converge to
the steady state, regardless of the state, i.e., |bs; — bs| > |bs,t41 — bs|. We should prove this.
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T-4 Comments and Notes

e John Rust has some social security, life-cycle model, computational papers on
his web site (http://gemini.econ.umd.edu/jrust/papers.html). He was also a
member of the Social Security Board’s 1999 Technical Panel on Assumptions
and Methods. His work would be a good reference.

e We could tie this stuff into the Krusell and Smith (1998) that the average wealth
is a sufficient statistic for the entire distribution of wealth for making decisions
about household future investment. We could see how close our forecasting
method gets to the benchmark TPI method when the mean savings amount is
used as the forecast rather than some more complicated function of the entire
distribution.

e Gustman and Steinmeier (2008) try to estimate the effects of a change in Social
Security rules in the early 1990s. We should see if we can replicate their results
with this model.
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