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Abstract

This paper asks the question of how domestic monetary authority should
optimally respond to foreign monetary policy. I use a dynamic general equi-
librium (DGE) model derived from microeconomic foundations in which each
country’s monetary authority chooses the money growth rate with discretion in
order to maximize the welfare of its own citizens. This question has proven dif-
ficult for two main reasons. Micro-founded DGE models in which the monetary
authority has discretion have been shown to suffer from multiple equilibria. On
the other hand, international DGE models with unique equilibria often result
in policy rules which are independent of foreign monetary policy. This paper
seeks to study optimal monetary policy in an environment in which the mone-
tary authority has discretion and a unique equilibrium exists that is a function
of foreign monetary policy. By relaxing the assumption of rational expecta-
tions, this two-country model of discretionary optimal monetary policy delivers
policy rules that are functions of foreign monetary policy, are not at the upper
bound of inflation, and do not rely on trigger strategies.
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1 Introduction

This paper asks the question of how domestic monetary authority should optimally
respond to foreign monetary policy. I approach this task using a dynamic general
equilibrium (DGE) model derived from microeconomic foundations in which each
country’s monetary authority chooses the money growth rate with discretion in order
to maximize the welfare of its own citizens. This question has proven difficult for
two main reasons. Micro-founded DGE models in which the monetary authority has
discretion have been shown to suffer from multiple equilibria. On the other hand,
international DGE models in which the monetary authority can commit to a policy
generate a unique equilibrium. However, these commitment equilibria are dominant
strategy equilibria and are independent of foreign monetary policy. This paper seeks
to study optimal monetary policy in an environment in which the monetary authority
has discretion a unique equilibrium exists that is a function of foreign monetary policy.

Ireland (1997) defines the entire set of time-consistent or “sustainable” equilibria
in a closed economy setting. His paper is a more fully specified version of Barro and
Gordon (1983) in terms of individual preferences, production technologies, imperfect
competition, and monetary objective . In particular, Ireland shows that a continuum
of trigger-strategy reputational equilibria exist in this setting. But, similar to Barro
and Gordon (1983), Ireland finds a unique non-reputational time-consistent equilib-
rium in which the monetary authority pushes inflation to its upper bound. This
multiplicity of equilibria can be a problem because it implies either that all observed
monetary policy is supported some underlying societal strategic threats or that the
optimal solution of any monetary authority is to inflate to the maximum.

Ireland (2000) shows that the multiplicity of reputational equilibria, as well as
the autarkic non-reputational equilibrium, is a result of the strong assumption of
rational expectations. Ireland (2000) shows that relaxing the rational expectations
assumption results in a unique non-autarkic steady-state equilibrium that corresponds
to the Friedman Rule. The goal of this paper could be summarized as extending

Ireland (2000) to a two-country environment.



A number of authors have studied the best response functions of monetary au-
thorities in fully specified two-country DGE models in which monetary authorities
can commit to their policy. Cooper and Kempf (2003), Arseneau (2007), and Evans
(2007) all study two-country micro-founded DGE models of optimal monetary policy
with commitment, and all find unique dominant strategy equilibria. The problem
with this result is that anecdotal evidence suggests that monetary authorities are
influenced by the actions of foreign monetary authorities and that strategic actions
occur among them.

In order to answer the question of how a monetary authority should optimally re-
spond to foreign monetary policy, I will use a model that is most similar to Arseneau
(2007). But I will follow Ireland (2000) in that I will not allow each monetary author-
ity to commit to a policy, and I will relax the assumption of rational expectations.

The results of this two-country model of discretionary optimal monetary policy
are policy rules that are a function of foreign monetary policy, are not the upper
bound of inflation, and do not rely on trigger strategies. The paper is organized
as follows. Section 2 presents the model, expectations, and equilibrium definitions.
Section 3 presents some numerical simulations of the time path of monetary policy

under various specifications of the model. And Section 4 concludes.

2 Model

The model in this paper is a time-consistent version of Arseneau’s (2007) two-country
model of monetary policy under commitment. I will follow Ireland (2000) and re-
lax the rational expectations assumption in order to obtain a unique nonautarkic
steady-state monetary policy that is time-consistent. The two countries are Home
and Foreign, which are names rather than relative terms.

Each country is populated by a unit measure of identical infinitely lived households
and a unit measure of differentiated goods firms. Each country also has a benevolent
monetary authority that chooses the growth rate of its country’s money supply in

order to maximize the welfare of its own citizens.



2.1 Money

The monetary authority in each country choose the money growth rate in order to
maximize the welfare of the representative household in its respective country. The
law of motion for money supply in each country can be represented by the following
relationship:

My = @My and M;Py = ap My® (1)

where MEH is the money supply at the end of period ¢, ; > 0 is the gross money
growth rate chosen by the monetary authority during period ¢, and M is the money
supply at the beginning of period ¢. Variables with stars denote Foreign country
variables.

Each monetary authority distributes the change in money supply in each period

t through a lump-sum transfer to the representative household in its own country.
(zy — DM and  (zf —1)M;S (2)

A useful normalization of the initial money stock in each country is My = Mg = 1. 1
assume that Home country households only hold Home currency and Foreign country
households only hold Foreign currency.!

In addition to currency, households in each country can purchase country-specific
bonds for By, 1/R; in period ¢ that return By in period t+ 1. The gross interest rate
on bonds purchased in period ¢ is then R;. This model rules out international trade
in bonds, but Arseneau (2007) shows that this constraint does not bind due to the
functional form of the model. Other than the bonds and labor, this model assumes

no barriers to trade. So the law of one price holds.

I This is not a strong assumption, given that currency can be freely exchanged in the currency
market. An alternative specification is to allow households to hold both currencies and let the
exchange rate be determined by currency exchange market clearing as in Evans (2007).



2.2 Timing

Figure 1 illustrates the timing of the model from the standpoint of the representative
household in the Home country. The timing for the Foreign household is symmetric.
The key characteristic of the model is that the events in each period can be grouped
into pre-monetary decision and post-monetary decision. The firm pricing decision is

ex ante, and the rest of the decisions are ex post.

Figure 1: Timing of the model for Home representative agent
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ex ante ex post

The representative household in the Home country enters period ¢t with Home
currency balances M; and unmatured bond holdings B; from the previous period.
The Home household enters the period knowing the prior N periods of money growth
rates in both the Home and Foreign countries. So the past data in each household’s
information set is {x; 1,7y 9, .7 n} and {x}_|, 2} o, ..k} _N}.2

At the beginning of each period, before the monetary authority chooses a money
growth rate, each differentiated goods firm h sets the selling price of its good p;(h). As
will be explained more fully in Section 2.4, a pricing friction is built into the model
following Barro and Gordon (1983) in that the ex ante firm price p;(h) cannot be

changed during period ¢. Once the firm has set its price, the monetary authority sets

2T could just as well assume that agents know the entire history of money growth rates, but their
expectations are formed using only the prior N periods of data.



the money growth rate for the period z, and makes a lump-sum transfer (x, — 1)M;
to the representative household of its country.

Once the monetary authority has set the money growth rate x;, the household’s
bonds from the previous period mature and the household receives B; in Home cur-
rency. At this point, the household splits into a worker and a shopper. The worker
supplies labor to the various firms n;(h), and the firms produce goods with a linear
technology using that labor y;(h) = ny(h). The shopper then enters the marketplace
and can either buy new bonds By with gross interest rate R; costing By, 1/R; or it
can purchase consumption of home and foreign differentiated goods, ¢;(h) and ¢ (f),
respectively.

In this model, I assume a cash-in-advance constraint in that all purchases must
be paid for in currency. So the cash-in-advance constraint on consumption is the

following:

B
Mt + (It - 1)Mts + Bt - ;;1 Z PtCt (3)

t
where P, and ¢, are aggregations of price and consumption over Home and Foreign
prices [pi(h), p:(f)] and Home and Foreign consumption [c;(h), ¢;(f)], respectively.
Lastly, after the consumption decisions are made, the firm pays each worker a
nominal market wage W, and pays the representative household a dividend D,(h).
The household then leaves period ¢ with Home currency balances M;,; and bonds to
mature next period B;;;. The budget constraint for the representative household is

the following:

1
B
Mt + (l’t — 1)Mts + Bt + tht + / Dt(h) dh Z ]DtCt + é+1 + Mt+1 (4)
0

t

2.3 Households

Each country is populated by a unit measure of identical infinitely lived households.
These households maximize lifetime utility by choosing in each period ¢ how much of
each differentiated good from each country to consume ¢;(h) and ¢;(f), how much to

work n¢(h), how much wealth to hold in bonds By, and how much wealth to hold



in currency M;,;. Household lifetime utility from period ¢ on is given by:
U = Zﬁj In(cy) — xmueg] V't (5)
=0

where § € (0,1) is the discount factor, y > 0 is a scale parameter in the disutility
of labor function, ¢; is aggregated consumption over consumption of both Home and
Foreign differentiated goods, and n; is aggregated labor over labor at Home differenti-
ated goods firms. Using the notation of Arseneau (2007) and following the convention
of Dixit and Stiglitz (1977), let ¢y, be a CES aggregator of Home consumption by
Home households, and let cp; be a CES aggregator of Foreign consumption by Home

households given by:

Ct = (/1 ct(h)g?dh)s_1 and cpy = (/1 ci(f)
0 0

where € > 1 represents the constant elasticity of substitution between any pair of

ildf) o (6)

goods within a country.® Then let ¢; be defined as the following Cobb-Douglas aggre-
gator over aggregate Home consumption and aggregate Foreign consumption by the

Home household:
e = (cuy) 0 (ery)’ Vit (7)

where the constant elasticity of substitution between Home and Foreign aggregate
consumption is 1, and 0 € [0.5, 1] is a preference parameter that can be interpreted as
the degree of openness of the Home country to Foreign goods.? The labor aggregator

is defined as the following:
1
ny = / ni(h)dh Vi (8)
0

The following expressions for household demand for Home and Foreign differenti-

31 impose symmetry in the elasticity of substitution ¢ both within and across countries. It would
be an interesting exercise to relax this symmetry.

4Evans (2007) shows that @ represents the share of national income spent on imports (import
share), which has often been used as a proxy for openness. See Romer (1993) and Wynne and
Kersting (2007). Here also I impose symmetry across countries on the degree of openness, so 6, = 6

and ¢} = (c}’t)lfe (C}}’t)e.



ated goods and within-country aggregated goods can be derived from the definition
of the consumption aggregators from (6) and (7) and by solving the household’s ex-
penditure minimization problem. The following expressions for aggregate prices also

result from this expenditure minimization problem.®

ci(h) = (pt(h))_sc,{,t and ¢ (f) = (pt(f))_gcm 9)

PH Prt
-1
cur=(1-10) (th) ¢ and cre =10 (@) Ct (10)
Dbe
1 i
PHt = ( 1 “dh and Prt = (/ pt(f)lgdf) (11)
0
Dt = (th)l ’ (pF,t where v =(1-— 9)1_999 (12)

where the lower case letters for the prices above are a normalization by the money
supply in period ¢t that will be made clear in the household’s utility maximization
problem.

Let 2} +; and z;ﬁfj represent the representative Home household’s expectation with
probability 1 of the Home money growth rate x;y; and the Foreign money growth
rate xj,; in period ¢ + j given period ¢ information. Thus, z{ = x, and 2/ b= g
because the consumer’s decision in period t comes after the money growth rates in
each country have been established. The exact way in which expectations are formed
given past information will be detailed in Section 2.5.

Given the demand functions above, the problem of the representative household
is to maximize lifetime utility by choosing aggregate consumption ¢;, aggregate labor
supply n;, normalized wealth to hold in bonds 0;,, and normalized wealth to hold in
currency my,1. This problem is given by dividing the cash-in-advance constraint (3)
and budget constraint (4) by the Home money supply M,% and let lower-case variables

represent either real or normalized variables. Also, from this point on, I rewrite the

®See Technical Appendix T-1 (available upon request) for the derivation. Note that the demand
functions can also be derived from the utility maximization problem, but the derivation of the prices
is particularly intuitive in the expenditure minimization problem as they are simply the multipliers
on the consumption level constraints.



variables with a superscript that represents the information held by the household.

max Zﬁj [In(ciy ;) — xniy;]
=0

bh, . i2h
t t t t+j+17t+j t t
s.t th%—th—l—l—th——Rt — 2 Py jCut
t+j (13)

1
and m§+j+zf+j—1+b§+j+wf+jn§+j—|—/ di;(h)dh > ...
0

b 2t
t ot t+j+1<t+j t t
PeyjCryj T TR T M2y Yt
t+j

The solution to this problem, as derived in Appendix A-1, results in the following
expressions. The analogous expressions for the Foreign representative household are

symmetric.

t Lt

G = =1 (14)
t pi 1

w; = (%) Z§Z§+1 (15)

Z
Ry = == 16
t 6 ( )

These three equations fully describe household behavior and come out of the house-

hold maximization problem.

2.4 Firms

Each country is populated by a unit measure of firms, indexed by h € [0,1] in the
Home country and f € [0, 1] in the Foreign country. They each produce a differenti-
ated good, the substitutability of which relative to the other differentiated goods in
that country is represented by the households’ preference parameter €. This is the
Dixit and Stiglitz (1977) mechanism in which the love of variety on the part of con-
sumers coupled with imperfect substitutability generates an imperfectly competitive
market in which firms are able to charge a markup over marginal cost.

Each firm chooses the price of its good p;(h) at the beginning of the period given



its period ¢t —1 information, its expectations about period-¢ what the monetary policy,
and its effects on household demand. However, following the New Keynesian price
friction laid out by Barro and Gordon (1983), firms cannot change their price after the
period-t money growth rate is chosen. Firms must satisfy demand at the given prices,
regardless of whether the money growth rate was close to the firms’ expectation.
The output of each firm is governed by a linear production technology in labor
y(h) = ny(h). Each firm pays the same market wage w; to its domestic workforce.
Again, labor is assumed to not be mobile. Because the firm meets demand in each
period given its prices, this implies y(h) = ni(h) = c(h) + ¢;(h). However, the
firm must set its ex ante price with period ¢t — 1 information, before the monetary
authorities in each country set their respective money growth rates. So the problem

of the domestic firm can be written as:

max_dj;1(h) = [pes(h) — wipl] [l (h) + ¢ (B)] (17)

pe+;(h)

where dijrjl(h) represent the profits of firm h which are paid out as dividends to the
representative household in the Home country.® Substituting in the expressions for
wyj, ¢ i(h), and c:_f;l(h) from Section 2.3 with the information iterated backward
one period, the expression for the optimal price level for firm h in period ¢ given

period t — 1 information is the following:

= (55) (3) e (18)

Notice that this means firm price is a markup over the expected wage pi_l(h) =

(=55) wi™'. Because the right-hand-side of (18) does not depend on h, pi;; = p;~'(h).

e-1
— — € X —1 _t—
it = = (55 ) (3) e (19

6Note that I am assuming that capital markets are closed. Foreign households cannot own stock
in Home firms and vice versa.




The symmetric Foreign firm problem produces the following result:

*,t— *,t— € X w,t—1 _*t—
prt L=pH) = (6_1) (B) 7" IZtJfll (20)

.. . _ —1 _ t—1 . .
The remaining prices p'.', py; , pi *, p;' ', are determined by the firm’s expectation

of the period t exchange rate e/~! through the law of one price. The exchange rate is
solved for by substituting all four market clearing conditions (30)-(33) described in
Section 2.6 into the budget constraint (4).7

24
¢ J
A (21)
t+j
I follow Arseneau (2007) in assuming that there are no barriers to exchange in
currency or goods, so the price of good h in the Home country must equal the price
of good h in the Foreign country converted in to Home country units and likewise for

the price of the Foreign produced goods.

pi(h) =epi(h)  and  pi(f) = epi(f) (22)

Given the definitions of the aggregate price indices in (11) and (12), the law of one
price at the individual price level (22) implies that the law of one price also holds for
the aggregate price indices pu, = €;pyy,, prt = €Pky, and p; = e;p;. This is a no-
arbitrage condition which insures that Home and Foreign households are indifferent
between holding either country’s currency. It is therefore without loss of generality
to make the simplifying assumption that Home households only hold home currency
and Foreign households only hold Foreign currency.

Now, using the law of one price (22) and the expression for the expected exchange

rate that comes from iterating the information in (21) back one period e/, the

7Appendix A-1 shows that the budget constraint holds with equality.
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following expressions result for the remaining price indices:

€ X 1 _wt—
Pre = (5 — 1) (E) 4 175t4f1 ' (23)

* € X s, 0—1 % t—
Pus = (6 — 1) (B) A lzt-:l ' (24)
1 € X _ CN1=0 / si 10
= () (5) s G )
1 € X\ wte1 f wt—1\1-0 / 4 1\0
i= () (5) 5 G 6 20

2.5 Expectations

A large literature has show that the method by which households and firms form
their expectations of a policymaker’s actions has a profound influence on the policy
outcomes. Lucas (1972) showed that allowing agents to consider the policy maker’s
incentives in a forward-looking manner is a desirable mechanism in economic models.
However, Barro and Gordon (1983) and, more recently, Ireland (1997) show that
the strong assumption of rational expectations in models of monetary policy leads
to a multiplicity of reputational trigger-strategy equilibria as well as a unique highly
inflationary steady-state equilibrium.

One problem with the multiple equilibria generated under models of optimal mon-
etary policy in which agents have rational expectations is that even a surprise decrease
in the money growth rate will generate a large jump in expected inflation. Ireland
(2000) shows in a closed economy model that relaxing the assumption of rational
expectations in an intuitive way generates a unique stationary equilibrium that is
less inflationary than the rational expectations equilibrium and sometimes equals the
deflationary Friedman Rule.

I will impose adaptive expectations functions on this model that follow the same
form as in Ireland (2000). Let z{,; = ¢f,; and 2}, = 1/, where ¢f, ; and 47
are the expectations functions for the money growth rates in the Home country and

the Foreign country, respectively, in period ¢ + j given period ¢ information.® When

8] am assuming here that Home and Foreign households and firms have the same information.
That is, the Home households’ information about past Foreign money growth rates is the same as

11



j = 0, the expectation function is trivial because the information is known (¢! = z;
and 7 ; = x;). However, for j > 0, the expectations will be functions of N < oo

periods of past money growth rates.

ztﬂ wtﬂ (41, m4_9,..xp—y) ¥Vt and j=0,1,2, .. (27)
ot = (@, ey, a_y) YVt and j=0,1,2,... (28)
where the expectations functions are defined on ! e : RY, — Ri. and w:fj_l :
RY, - Ryy.
Let 1) represent both !} +; and wt ~! for any t or any j. Ireland (2000) proposes
the following four intuitive restrictions on the expectations functions .

(R1) v is nondecreasing in each of its arguments.

(R2) ¥ (z,x,..x) =x for all x € R, .
(R3) ¢ is continuously differentiable on RY .
(R4) ¢ (z1, 29, ..xn) > B for all (z1, 2o, ..xy) € RY, and x; > .

Restriction (R1) simply insures that the expected money growth rate moves in the
same direction as the actual money growth rate. Restriction (R2) implies that money
growth expectations will converge to the actual money growth rate if the rate is held
constant long enough. Ireland (2000) notes that (R1) and (R2) allow a monetary
authority to build credibility over time. Restriction (R3) limits the extent to which
expectations can jump, given any size policy surprise. Lastly, restriction (R4) ensures
that a no-arbitrage condition that the interest rate be positive R, = z;,,/3 > 1.
Taken together, restriction (R1)-(R4) impose properties on the backward looking
expectations ¥ that look like some behavior we see in practice. The exact specification

of the expectations function used by Ireland (2000) is the following:

Uit = H:pt . VYt and j=0,1,2,.. (29)

where the oy, represent the elasticity of the t — kth money growth rate on the expected

money growth rate ¢!} +; in period ¢ + j given period ¢ — 1 information. Restriction

Foreign households’ information about past Foreign money growth rates. However, this might be
an interesting assumption to relax.

12



(R1) requires that ay > 0, and restriction (R2) implies that Zgﬂ ap = 1.

2.6 Equilibrium

This section will define both a private equilibrium in this two-country environment,
given expectations and the monetary policy in both countries. I will then define
the best response function of the Home monetary authority given the policy of the
Foreign monetary authority. The focus on the Home monetary best response function
is without loss of generality because the two countries are symmetric.

Four markets must clear in each country in equilibrium. First, the money market
must clear in each country, which means that M, = M. The bond market must clear
in both countries, which means a zero net supply. Each goods market must clear,
which was already assumed in the firm problem. And lastly, the labor market must

clear in both the Home country and the Foreign country.

mi=1 and mi=1 WVt (30)

by=0 and b =0 Wt (31)

ye(h) = ci(h) +¢i(h) and  y,(f) = ci(f) +ci(f) Vit h, f (32)
n(h) = y(h) and n(f) =w(f) Vt.h, f (33)

I now define a private equilibrium in this two-country economy, given the money

growth rates in both the Home and Foreign countries.

Definition 1 (Private Equilibrium given Home and Foreign Monetary Pol-
icy). A private equilibrium given the money growth rates in the Home and Foreign
countries consists of the following:

e expectations z{;; = ¢, ; and z:fj_l =y forall t and j =0,1,2, ... as shown
in (27) and (28) that satisfy restriction (R1)-(R4)

e a sequence of Home money growth rates {z;}°, and Foreign money growth
rates {x}}:2, such that x; > f and xf > 3

e The Home aggregate price index p!~' and the Foreign aggregate price index

pi'" are given by (25) and (26), respectively.

13



e Aggregate consumption by Home households ¢! and aggregate consumption by
Foreign households ¢ in period t are given by (14)

e Labor supply in the Home country n! and labor supply in the Foreign country
n; are given by (32) and (33) and the expression for consumption demand and
their Foreign analogues in (10) and (14)

Before showing the time-consistent problem of the Home monetary authority and
its corresponding equilibrium, I will present the commitment equilibrium, which cor-
responds to the methods and findings of Arseneau (2007). If the Home and Foreign
monetary authorities can commit to a money growth rate at the beginning of time,
then x; = z and x; = z* for all £. The problem of the Home monetary authority is
then to choose a constant money growth rate z at t = 0 given x* in order to maximize

the welfare of the Home representative household.

max Z B [In(c;) — xni]

st =79 (6 ; 1) (g) ($)9_1($*>_0 (34)
e—1 1
and n; = ( 5 ) (g) =

and R;>1 Vit

where the expressions for ¢; and n; in (34) come from their specifications in Definition
1 of the private equilibrium, but with x; and z} +; replaced by z and with xy and z:jfj
replaced by z*. A monetary equilibrium with commitment can then be defined as

follows.

Definition 2 (Monetary Nash Equilibrium with Commitment). A monetary
Nash equilibrium with commitment consists of the following:

e All characteristics of Definition 1 of a private equilibrium hold.

e The sequence of Home money growth rates {z; = x}° satisfy the maximization
problem in (34).

e The sequence of Foreign money growth rates {x} = z*}7°, satisfy the Foreign
maximization problem analogous to (34).

14



e In each period t, the Home money growth rate x is a best response the the
Foreign money growth rate, and the Foreign money growth rate z* is a best
response to the Home money growth rate x.

The first step in finding the monetary Nash equilibrium is solving for the best
response function that comes out of the maximization problem in (34). The best
response function of both the Home and Foreign monetary authorities ends up being
a dominant strategy equilibrium. So the best response function also represents the
Nash equilibrium. The monetary Nash equilibrium with commitment, shown below,

is identical for the Home and Foreign countries because they are symmetric.”

|H

Lo(=L) if =) >
4C  aRC 1—9( 5) 1 (e) <35)

8 it 5 () <1

[y
|'_l |

>
|r—l

>
(U}

Lastly I define a time-consistent Home Monetary equilibrium given Foreign money
growth as a best response function to x*. The Home monetary authority’s maximiza-
tion problem in the time consistent case is to choose z; in every period to maximize

the lifetime utility of the Home representative household.

o0

max B [Incy,;) — xni]
§=0

t —1 t— - #,t—1\ —
VAT (%) (E € > ( ' 1)9 2< 2 1) 0
_ 36
and nf = (8 1) (g) P = )zl + Oy (36)

€
and R; >1

and z; € [0,z] Vit

The definition of a time-consistent Home monetary equilibrium given z* is given

below.

9The derivation of this result is in Appendix A-2. The Nash equilibrium here is slightly different
from that of Arseneau (2007) because he reverses that Cobb Douglas weights on the Foreign house-
hold consumption aggregator in order to interpret 6§ as country size instead of country openness as
I do here.

15



Definition 3 (Time-consistent Home Monetary Equilibrium given z*).
time-consistent monetary equilibrium given the rate of Foreign money growth z*
consists of the following:

e All characteristics of Definition 1 of a private equilibrium hold.

e The sequence of Home money growth rates {x;};°, satisfy the maximization
problem in (36) given the sequence of Foreign money growth rates {z; = 2*}°,.

The next section provides a numerical example of a time-consistent Home monetary

equilibrium given x*.

3 Numerical Simulation

In this section I provide a numerical example of what the time path of a time-
consistent Home monetary equilibrium looks like given different constant levels of
Foreign money growth rates. This numerical exercise follows Ireland (2000). I set
the openness parameter of the model in both countries to 8 = 0.25 implying that
both countries have a 25-percent import share of GDP. The discount factor is set to
0 = 0.95. The elasticity of substitution is set to € = 6, consistent with a 20-percent
markup. The scale parameter of the disutility of labor function y is set equal to 1.
And the number of periods that households and firms use to formulate expectations
is N = 10. The elasticities ay in the expectations function are set to a9 = 1 and
ap =0 for k =1,2,...9.

With these parameters, the optimal money growth rate with commitment that
corresponds to Definition 2 and constant money growth rate rule (35) is about 1.05.
The experiment here is to start the Home money growth rate at a level not equal
to the monetary Nash equilibrium with commitment (1.10 in this case) and leave it
there long enough that all households expect it to stay there. Then let the Home
monetary authority adjust the money growth rate x; optimally each period according
to Definition 3. Figure 2 shows the time path of the Home money growth rate starting
at a money growth rate of 1.1 in periods ¢ < 0 but then being allowed to change its

rate optimally in periods ¢ > 0. The lower panel shows the corresponding aggregate

16



consumption levels. Each line corresponds to a different level of constant Foreign
money growth rate.

The top panel of Figure 2 shows that it is optimal for the Home monetary authority
to gradually reduce the Home money growth rate for Foreign money growth rates less
than 1.3. The lower panel shows how this reduction of interest rates initially inflicts
a cost to societal welfare. This illustrates the key point noted by Ireland (2000) that
the discount factor 3 is a key parameter governing the ability of a monetary authority
to be able to earn credibility. That is, households must be patient enough for the
long-term benefits of inflation reduction to outweigh the short-term costs. Another
key characteristic of these time-consistent Home monetary equilibrium paths is that
the incentive to lower inflation diminishes as the Foreign country has higher inflation.

This strategic complementarity has predicts that when a country like the United
States begins a period of increased money growth rates that other central banks
should follow. However, in this exercise, the Foreign central bank has to have a
money growth rate of 30 percent in every period as opposed to the Home money
growth rate of 10 percent. This is a wider disparity than is usually seen in major
trading partners.

This experiment is merely a first pass at studying situations in which Foreign mon-
etary policy influences Home monetary policy. An obvious next step is to construct
a time-consistent Nash equilibrium. But some good findings come from this exercise.
First, the steady state values in this time-consistent monetary equilibrium have more
to do with the level of Foreign monetary policy than they do with the Ramsey equi-
librium that comes from the commitment policy. Also, a strategic complementarity
seems to exist between the Home and Foreign monetary authority. As the Foreign
money growth rate increases, the incentive for the Home monetary authority to in-
flate goes up. Lastly, these time-consistent equilibrium fall below the upper bound of

the money growth rate and do not rely on trigger strategies.
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Figure 2: Time path of = for various values of x*
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Note: this graph shows the time path of the Home gross money growth rate and the
corresponding aggregate Home consumption. The parameters are set to the following:

(N=10,7=1e=6, 3= 0950= 025)
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4 Conclusion

The model outlined in this study provides an environment in which to study the effect
of foreign monetary policy on domestic monetary policy in which the problems of mul-
tiple equilibria and dominant strategy equilibria are overcome. This result is achieved
by following Ireland (2000) and relaxing the assumption of rational expectations in
an intuitive way. The implications of the model are that a monetary authority can
build credibility over time if households are patient enough for the long-term benefits
to outweigh the short-term costs of adjusting monetary policy.

As mentioned in the previous section, an obvious extension of this work is to
construct the time-consistent monetary Nash equilibrium of the two countries given
different starting points. Also, the fact that the experiment of this paper starts
each country at a suboptimal money growth rate begs the question of what might
cause this. Adding shocks to this model that move the steady-state around would be
instructive.

In addition, a large portion of the results is due to the form of the expectations
functions ¥ and ¥*. One extension would be to try some more sophisticated fore-
casting methods that might be closer to what is seen in practice although still not
as strong as the rational expectations assumption. Also, adding some imperfect in-
formation such that the Home household knows more about Home monetary policy

than the Foreign household does.
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APPENDIX

A-1 Derivation of Solution to Utility Maximiza-
tion Problem

The maximization problem of the Home country representative household is to choose
Ciyj> Mgy Ofy 1, and my, ;. given firm prices, Home and Foreign money growth rates,
and period-t information. The problem for the Foreign representative household is
symmetric. The Home household maximization problem, with the constraints divided
by M7 is the following:

max Zﬁj [In(c),;) — xnj;]
=0

bt . 2t
t t t t+7+17t+5 t t

.6 My 2z — L by g — TR 2 PrtjCrj (AL1)
t+J 1.1

1
and  my, 2z — 1+ by 4wy, ng —|—/ di;(h)dh > ...
0

b, ., 2t
tHj+17t 4 t ¢
BT + M2 Ve
t+j

13 t
PitjCeyj T

Taking the derivative of the Lagrangian with respect to the choice variables and with
respect to the multipliers on the constraints, the first order conditions of this problem
are the following:

oL 1
VR A (Niﬂ' + )‘§+j) Pt (A.1.2)
dct Citj
oL
ont,, Nittlies = X (A.1.3)
j
oL 21
BT b B (gt M) = (i + Aiy) R : (A.1.4)
tj+1 i
L t )\t _ )\t t Al5
t DB (Mg + Majer) = Magtay (A.1.5)
amt+j+l
oL bi—# ‘+1Z£+‘
0Iu§+, : mi"‘j + Zi—*—j -1+ bi—&-j - JRLF L = piﬂ»ciﬂ- (A16)
J J
oL mi 42— 140w, nt o+ ldt (h)dh = (A.1.7)
a)\;rj : t+j t+j t+j t+j t+j o t+j = ... 1
biyiv12ie;
PiyjCipy + % + M2y
t+j

where yiy,; and \{,; are the multipliers on the cash-in-advance constraint and the
budget constraint, respectively. Equations (A.1.6) and (A.1.7) hold with equality
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only when gy, ; > 0 and Aj,; > 0. From (A.1.3), it is clear that A\;,; > 0 so the
budget constraint holds with equality. At this point, I assume that p} +; > 0s0
that the cash-in-advance constraint holds with equality, but this will be shown to be
correct after the other variables values are derived.

If the CIA constraint holds with equality, then substituting in the market clearing
conditions my, ; = 1 and b}, ; = 0 and solving for ¢{, ; gives the equilibrium condition
for cf ;-

t 24
Crj = 5 (A.1.8)

Dty
The expressions for ci,;(h), ¢;,;(f), ¢y s\ r and ch,,; can be found by substituting
(A.1.8) into (9) and (10). Substituting (A.1.8) into (A.1.2), solving for uf, ;4\, ; and
substituting that expression into (A.1.5) gives the following equilibrium expression
for X!

+5 3
AL = — (A.1.9)
s Z§+j2§+j+1
Substituting (A.1.9) into (A.1.3) gives:
X

Again, substituting (A.1.8) into (A.1.2), solving for i, ; + A7, ;, and substituting that

expression into (A.1.4) gives the following equilibrium expression for R} E

t
A
Rl = Hﬁjﬂ (A.1.11)
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A-2 Miscellaneous Derivations

Derivation 1 (Monetary Nash equilibrium with commitment). Derive the
Monetary Nash equilibrium with commitment from (34) and (35) here.
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TECHNICAL APPENDIX

T-1 Derivation of Demand and Price Equations
from Cost Minimization Problem

Expressions for household demand functions for individual differentiated goods c¢;(h)
and ¢;(f) and within-country aggregated goods ¢y, and cp; can be derived in terms
of prices and aggregate consumption ¢; using the household expenditure minimiza-
tion problem. This method also provides expressions for aggregate price p; in terms
of the within-country aggregate prices py: and pr;, as well as expressions for the
within-country aggregate prices py; and pp, in terms of the within-country differen-
tiated goods prices p;(h) and p;(f). I use an individual cost-minimization problem
to derive the demand functions—even though the same functions result from utility
maximization—because the cost-minimization problem provides an intuitive solution
for the consumer price level. The Foreign demand and price equations are derived in
the same way and are symmetric.

From the lifetime utility function in equation (5), households only care about ag-
gregate consumption as defined in (7). Furthermore, the Dixit-Stiglitz CES country-
specific consumption aggregators cy; and cp,; are defined in (6). So the household
demand functions for consumption of Home-produced differentiated goods ¢;(h) and
Foreign-produced differentiated goods ¢;(f) can be derived by solving the problem
of the household choosing how much of each type of differentiated good to consume,
given the prices of each type of good p;(h) and p,(f) and given particular levels of
aggregate country-specific consumption cg; and cg; in order to minimize total ex-
penditures.!?

HmﬂAmWMM%+AmmMﬂﬁ

ct(h),ee(
! e—1 e-1
st ey < (/ ct(h)sdh) (T.1.1)
0

1 =
and cpy < (/ ct(f)seldf) Vit
0

The Lagrangian for this problem is:

£=AmWMM%+AmUMW#+W

PH [CH,t — (/ Ct(h)sgl dh)H e (/ Ct(f>6;1 df) e—1
0 0

10The dual problem of maximizing the level of aggregate consumption subject to a budget con-
straint of expenditures being less than the currency held at the time of exchange does not yield the
same result because the multiplier on the budget constraint does not have the interpretation as the
price of an extra unit of aggregate consumption.

(T.1.2)

+ Prt
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where py: and pp; are the multipliers on the two constraints and represent the
marginal cost of an extra unit of aggregate country-specific consumption. So pp,
and pp, are interpreted as the index of Home produced goods prices and the index
of Foreign-produced goods prices, respectively. The first order conditions are the
following:

pi(h) = pagy (ﬂ) (T.1.3)

pe(f) = pry (CCL) (T.1.4)

crs = ( /0 1 ct(h)gzldh) o (T.1.5)

Crt = (/01 Ct(f)tldf) a (T.1.6)

Soling (T.1.3) and (T.1.4) for ¢;(h) and ¢(f), respectively, give the following differentiated-

good demand functions:
h —€
ci(h) = (M) Chi (T.1.7)
PH

a(f) = (ﬂ> B cry (T.1.8)

PFrt

Substituting (T.1.7) and (T.1.8) back into (T.1.5) and (T.1.6) gives the following two
expressions for py; and pg; in terms of py(h) and p(f):

1

Phs = </01pt(h)1€dh) - (T.1.9)

PRt = (/Olpt(f)l‘edf)ls (T.1.10)

Likewise, the household demand functions for consumption of Home-produced
good cp; and Foreign-produced good cp; can be derived by solving the problem of
the household choosing how much of each type of country-specific aggregate good to
consume, given the prices of each type of good py; and pp; and given a particular
level of aggregate consumption ¢;, in order to minimize total expenditures.

min  pyiCs + pricre St o < (cH,t)l_e (cF,t)G A (T.1.11)
CH,t,CF,t

The Lagrangian for this problem is:

L =pucrs+ paicras + pe |C — (cH,t)l_g (th)e] (T.1.12)
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where p; is the multiplier on the constraint and represents the marginal cost of an
extra unit of aggregate consumption. So P, is interpreted as the price of aggregate
consumption. The first order conditions are the following:

0
C
pry = (1-0)p, (ﬁ) (T.1.13)
CHt
c 1-6
pri = Opi (ﬂ) (T.1.14)
CFy
Ct = (CH,t)l_e (CF,t)g (T.1.15)

Dividing (T.1.13) by (T.1.14) gives the following relationship:

PHCHt _ 1-0

DFCFt 0

(T.1.16)

Solving (T.1.13) and (T.1.14) for cp,; and cg¢, respectively, and substituting in
(T.1.15) gives Home demand equations for aggregate consumption of Home goods
and aggregate consumption of Foreign goods.!!

1
e = (1—0) <]%> e (T.1.17)
t

—1
crr =0 (@) ¢ (T.1.18)
Dt

These demand equations are analogous to the differentiated-good demand equations
in (T.1.7) and (T.1.8), except that they include the home-bias parameter. Substi-
tuting (T.1.17) and (T.1.18) back into (T.1.15) gives the expression of the consumer
price index in the Home country p, in terms of py; and pp,.

1 _ _
P = ; (pH,t)l ’ (pF,t)e where v = (1— 9)1 ’6° (T.1.19)

Lastly, ¢;(h) and ¢(f) can be expressed in terms of prices and ¢; by substituting
(T.1.17) and (T.1.18) into (T.1.7) and (T.1.8), which results in:

c(h) = (1—0) (pt(h))_€ (pH’t)_lct (T.1.20)

PHt Dt

c(f) =6 (pt(f))_a (@) _1ct (T.1.21)

DPFEt Dt

HEquations (T.1.16), (T.1.17), and (T.1.17) show that expenditures on imports are a constant
fraction of GDP, represented by 6. This is the foundation for using 6 as representing a country’s
degree of openness to international trade.
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T-2 Comments

e figure out the transversality condition that is given in Ireland (2000) and Arse-
neau (2007).

e Do the model for o # 1. When o € (0, 1), solving for the prices requires the
solution to a multi-equation system of first-order difference equations. However,
when ¢ > 1 the solution to the difference equations may blow up. It might
require me putting some other requirements on the system in order for it not
to blow up.

e Extensions to work on

— Do stochastic setup so the unique steady state moves around. This would
put the economy always in transition.

* Define output gap as the deviation of current output from its steady
state value.

— Some imperfect information or learning might be good. Volker Wieland in
Germany has some good stuff on dynamic programming with learning.

— Do different forms of 11, 15, 97, and ¢35 including forecasting techniques
and maybe even Taylor Rules.

. t—1,h t—1,f *,t—1,h xt—1,f
Look at the case where 2, ;" # 2z, and where 2, ;" # 2,1, . Agents

in each country have different expectations and/or information about the
money growth rate in the other country.

— Ireland (2000) shows that the assumption of rational expectations is the
key characteristic generating the multiplicity of reputational equilibria and
the autarkic nonreputational equilibria in the more fully specified version
of the time-consistent monetary policy problem. This same difficulty ex-
ists in a two-country version of Ireland (2000). However, Haltiwanger
and Waldman (1989) points to models with strategic complementarities
as the source of the multiplicity of Pareto ranked equilibria. He shows
that a model in which some agents are “sophisticated” and have forward-
looking rational expectations and in which some agents are “naive” and
have backward-looking adaptive expectations provides very different re-
sults from the standard rational expectations models. Cooper suggested
that a good exercise would be to say that a portion of the agents A have
backward-looking adaptive expectations and the rest of the agents 1 — A
have forward-looking rational expectations. Ireland (2000) shows that
when all agents have adaptive expectations A = 1 that a unique steady
state exists. An interesting question would be to find out what the crit-
ical value is A* at which a multiplicity of equilibria can be found. This
could also be a good framework for looking at the effects of emerging
economies opening up to trade and financial interaction with more de-
veloped economies. The idea is that emerging economies have a larger
proportion of naive agents.
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e Why I ditched state-dependent pricing

— The model doesn’t work with rational expectations time-consistent equi-
librium
* zfjrjl = Ty4; so there is never any reason for firms or individuals to

change price.

— Could have an effect in the Ireland (2000) version with adaptive expec-
tations, but all it does is change the speed of transition between steady
states. Not very interesting.

— State-dependent pricing is best when monetary authority is stochastic. It
might be good if there was imperfect information or the stochastic version
of the model where the steady state is jumping around.
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